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BSTRACT. ‘The mean drop size produced when a jet of liquid issuing from a nozzle 
to the atmosphere, breaks up, has been investigated and experiments have been carried 
ut both with fixed nozzles and with moving nozzles (attached to an aircraft) discharging 
ackwards. A relation expressing drop size in terms of viscosity and the relative velocity 
etween the jet and the surrounding air, applicable to both cases, is given. 

At low velocities this relation ceases to apply and drop size reaches a limiting value. 
actors influencing this limiting figure are discussed and information has also been obtained 
n the stability of large drops. 

Measurements made on the length of the jet confirm the work of Tyler and Richardson 
ut also disclose a hitherto unsuspected anomaly in the case of very viscous liquids. 

Similar results were obtained when a jet issued into another liquid with which it did 
hot mix, but showed the effect of the relative viscosity of the liquids on the break-up. 


PART I—LIQUID INTO AIR 
§1. INTRODUCTION 


HEN a jet of liquid issues from a nozzle into the atmosphere, the jet 
eventually breaks up into drops under the action of disturbances of its 
equilibrium figure. ‘lhe jet\is observed to break up at a point which 
can be determined accurately, as long as the pressure behind the nozzle remains 
constant. While some previous work, both theoretical and experimental, exists 
on the length of this continuous portion of the jet, little quantitative work has been 
done on the size and behaviour of the drops subsequent to the break-up. In 
particular, there is a lack of experimental data on the effect of viscosity on the 
break-up of jets. 

In the main there are three types of break-up. In the first the interplay of 
inertia and surface tension results in the jet becoming varicose. Rayleigh (1879) 
examined the conditions under which axial-symmetrical oscillations set up near 
the nozzle might increase in amplitude. In an inviscid jet he showed that a 
disturbance having a wave-length 4-4 times the diameter of the jet should grow 
fastest and eventually break up the jet into drops. ‘Tyler and Richardson (1925) 
have taken photographs of this type of break-up on capillary jets. Rayleigh 
subsequently (1892) modified his theory to take account ot the viscosity of the 
liquid, which naturally reduces the rate of growth of the optimum disturbance, 
whose wave-length in relation to the diameter of the jet remains unchanged. 

In the second type of disturbance, the jet becomes sinuous and the resistance 
of the air to the passage of the humps becomes of more importance than surface 
ension. ‘This type of break-up has been dealt with mathematically by Weber 
1931) but is only amenable to semi-empirical treatment. 
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Since the air resistance to this type of motion increases rapidly with speed 
break-up will occur at a faster rate as the speed of efflux is increased, whereas the 
varicose form of disturbance has a rate of growth independent of the speed of 
efflux. When a liquid jet enters the air, both types of disturbance are equally 
possible but at low speeds the varicose form will break up the jet first. Since the 
growth coefficient of the “optimum” wave-length is constant, the continuous 
length of the jet will be proportional to the speed, as Smith and Moss (1917) 
showed, but at a critical speed the sinuous disturbance will grow at the same rate 
as the varicose; thereafter sinuosities will break up the jet first and the length will 
decrease with increasing speed. 

After examining a number of photographs of high-velocity jets, both Haenlein 
(1931) and Ohnesorge (1937) postulated a third type of break-up in which the jet 
is disrupted, termed “atomization” (zerstaubung). Ohnesorge claims, too, 
critical velocities delineating regions for the three types of break-up. Littaye 
(1939) who has examined this question further, finds that the middle region of 
wave formation is somewhat indefinite, slight alterations in the conditions of the 
experiment being sufficient to convert this intermediate type of break-up into one 
-of the other two. 

Hence it may be concluded that at high velocities in excess of a critical value, 
break-up is controlled by viscous and inertia forces. Any expression deduced for 
this break-up should involve the characteristic factors which enter into viscous 
flow, i.e., a velocity, a drop diameter and the kinematic viscosity of the liquid. 


(Although this work does not deal with gaseous jets or jets of liquid into the | | 
selfsame liquid, it may be remarked here that the sinuous type is the only one | 


applicable to jets in which the interfacial tension is negligible, as, for example, in 
the sensitive flame.) 


§2. THE MEASUREMENT OF DROP SIZE 


Although some work of a qualitative nature has been carried out on the drops 
from jets delivered at high speed from narrow nozzles, in connection with engine 
oil injectors (Kuehn (1924), Scheubel (1927) and Schweitzer (1937)), exact 
measurements with proper control and measurement of the factors involved are 
lacking. ‘The first part of this programme of work envisaged measurements of 


mean drop size, varying, in turn, speed of jet relative to air, nozzle diameter and _ 
viscosity of liquid, as being the fundamental factors likely to affect break-up in . 


the atomization region, into which the majority of these experiments fall. 

It was not possible to measure drop size immediately after break-up. Instead 
the drops were allowed to fall on sheets of thin blotting paper (1 ft. diam.) at coin 
distance. ‘The stains, made clear by admixture of a dye in the liquid, were measured 


and the relation between stain-diameter and drop size established by shooting — 


single drops of the same liquid from a pipette directly on to the paper; save for 
very small drops, this relationship was linear. With most liquids the Tieton was 
independent of impact velocity within the range of the investigation. Water was 
an exception, as large drops tended to splash on landing at high speed. As ata 


iven jet speed th izes, it 1 . 
g jet speed the drops cover a range of sizes, it is necessary to define a “mean _ 


drop diameter”. ‘This may be done in a number of ways; the drop which occurs 
most frequently could be taken, or that size which is responsible for the greatest 
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fraction of the total amount of liquid discharged. Actually it is the latter inter- 
pretation which is to be given to “‘mean drop size”? in the results as plotted on the 
figures of this paper. 


§3. MEAN DROP SIZE FROM STATIONARY AND 
MOVING NOZZLES 


Drop-size distribution curves were obtained with a jet fired by gas pressure 
from a stationary nozzle on a cylinder directed vertically downwards in an enclosed 
tower and also from a nozzle horizontally discharging backward from an aircraft. 
In both cases the height of fall to the paper was about 50 ft. The jet velocity was 
calculated from the recorded pressure in the cylinder. In the tower experiments, 
overlapping of stains was prevented when the drops were insufficiently dispersed by 
swinging the board holding the filter paper on a bifilar suspension across the line of 


_ fire during emission. In the aircraft experiments, advantage was taken of a 
‘cross-wind to scatter the drops and many papers were spread out along and to one 


side of the line of flight. As it was intended that from measurements of the stains, 
drop sizes at break-up should be derived, it was necessary to consider the evapora- 
tion which takes place while the drops are falling. This calculation has been 
done in another connection (Richardson, 1946) and proves that with most liquids 
only the smallest drops (less than 0-25 mm. in diameter at this height) require 
correction for this cause. Exceptions to this statement must be made for an 
extremely volatile liquid like carbon tetrachloride, the uncorrected mean drop 
being, from this cause, too low. 

The stains produced by the drops were counted in 1 mm. groups (0 to 1, 1 to 2, 
etc.) over a strip 3 inches wide passing through the centre of the pattern on the 
filter paper and hence the total number and the total volume occupied by each 
group calculated. When small drops predominated, the lowest group was 
further subdivided. The total volume occupied by all drops up to a particular 
size was plotted against mean diameter of the group. ‘The curves (specimens of 
which are shown on figures 1 and 2) show that the distribution is symmetrical, 
so that the mean drop size could be taken to be that corresponding to 50 per cent of 
the total volume discharged. 

A list of the liquids used and their physical properties follows: 


dia Density p Kinematic viscosity » | Surface tension ¢o 
taque (gm./cc.) (cm2/sec.) (dynes/cm.) 
Zinc chloride 1-76 0-10 40 
Soap solution 1-00 0-020 30 
"Titanium tetrachloride 1-76 0-006 32 
Carbon tetrachloride 1-60 0-006 25 
Methylene chloride 1-33 0-004 30 
Methy] salicylate 1-33 0-03 ep 
Chlorosulphonic acid ile77) 0-03 38 
Water 1-00 0-012 73 
Methy] salicylate (thickened) 1-34 7:0 D5 
Glycerine 1-26 10-0 64 
Glycerine 20 % water (20 1:0 45 


The experiments with stationary nozzles indicated that the mean drop dia- 
meter d depends only on the viscosity of the liquid and ‘on jet velocity V. In fact, 
d was found to be inversely proportional to V (i.e. to the relative velocity between 


ai 
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the jet and the surrounding air). ‘T'wo conical nozzles 0-15 and 0-25 inch diameter — 
were used in addition to a 5/16-inch diameter sharp-edged orifice, and these gave | 
identical results independent of nozzle size or shape. Some later tests with a | 
small nozzle, 0-030 inch diameter.confirmed this. | 

As an example, figures obtained with two liquids, soap solution and glycerine, | 
are given below: 


ee Jet velocity V Mean drop size d ; 
ese Gs Ieee) aa adi 
Soap solution 25 1-10 14,000 
36 0°55 10,000 
57 0-38 11,000 
68 0-30 10,000 
Glycerine 88 0-88 77 
109 0-73 79 


In most of the experiments with the moving nozzles, the speed of the jet | 
relative to the nozzle was greater than the aircraft speed, but in one instance it was 


| ty 
[1 


foal 
Oo 


= 
8 
= 
& 
= © 680 Ib/sqgin . x 400 Ib/sq ir. 
3 x 390 o 250 » 
40 o 260 100) <8 
+ 100 a Aircraft 40mph. 
4 Aircraft 140mph Jetz) 90h 
Jeter S35 vy Aircraft 180 » 
Jet....140 
20 
: | 
0 | 2 3 0 02 04 06 
: ; . 08 1-0 12 
Drop Diameter (mm) Drop Diameter (mm) 
Figure 1. Zinc chloride. Figure 2. Titanium tetrachloride. 


less. In every case the mean drop size was found to depend only on the relative 
speed, V, of the jet to the air and on the viscosity of the liquid. Here again, d was 
inversely proportional to V. The nozzles used varied in diameter from 0-4 to 
0-7 inch, and also gave identical results independent of nozzle size. 

‘The surface tension of most of the liquids used is in the neighbourhood of 
30 dynes per cm.; only water and glycerine have higher surface tensions, and these 
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produced mean drop sizes expected from their respective viscosities and showed 
no effects which could be ascribed to surface tension. This result implies that at 
these speeds break-up is due to disruption of the jet. 

On figure 3, Vd/v is plotted against v in log: log form. The results, for both 
stationary and moving nozzles, satisfy the empirical formula Vd/v/®=500,* 
where V is the relative velocity between the jet and the surrounding air, d is the 
mean drop size, and v is the kinematic viscosity of the liquid. Since static and 
moving nozzles give identical expressions for drop size, it is concluded that break- 
up in the “‘atomization”’ region is initiated by turbulence within the jet but is 
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Figure 3. 


finally controlled by air friction on the jet surface. ‘This is in agreement with the 
conclusion arrived at by Schweitzer (1937), who found that atomization could not 
be obtained without air friction, but to make air friction effective turbulence is 
essential. 
§4. LIMITING{DROP SIZE 
It was postulated at the commencement of this paper that disruption of the jet is 
controlled by viscous and inertia forces and as such would predominate at high 
speeds. At lower speeds the varicose disturbance would be the dominant cause 
of break-up, while an intermediate type of break-up, in which the jet followed a 
sinuous motion, also occurs. We should, therefore, expect the relationship 
deduced from the above-mentioned experiments to cease to apply at low velocities. 
The varicosities then break the jet up into ovoid lumps which eventually resolve 
into drops comparable with the jet diameter and therefore with the nozzle diameter. 
Experiments (figures + and 5) show in fact that at low speeds the mean drop size 
* This formula is, of course, dimensionally unsound, but could be corrected by including a 


term involving the kinematic viscosity of the surrounding medium. Since the latter was not varied 
in these experiments this term has been omitted. 
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reaches a constant value. The velocity at which this occurs can be read off the 
figures and compared with a value derived by Ohnesorge from an examination of 
photographs of jets. Ohnesorge’s expression, which corresponds to the change- 
over from sinuous to the disruptive form of break-up, is 

7 ( 7 He 

=— = 2,000( ——} > 

V paD VopD 

where V, is the critical velocity, D the diameter of the nozzle, and 7 the viscosity of 
the liquid. Very viscous liquids are, however, broken up by the disruptive 
motion to a much lower speed than “thin” ones. For these the Ohnesorge 
criterion indicates too high a velocity for the change-over (figure 6). 

Below the limiting velocity, the drops from narrow jets become, for a given 
liquid, uniform in size, so that the scatter of drop size apparent on figures 1 and 2. 
disappears. With fine nozzles (1 mm. diameter) the constant drop size reached at 
low velocities is roughly twice the nozzle diameter, with all but the very viscous 
liquids. This is in agreement with some figures obtained from an examination 
of photographs of varicose jets included in a paper by Tyler (1933). 


Watia Nozzle Drop diameter d Jet diameter D Ratio 
Ave diameter (mm.) (arbitrary units) a/D 
Water 0-65 22 10 2°2 
0-45 20 10 2-0 
Aniline 0-45 19 8 2-8 
0-60 16 7 23 
Mercury 0:30 36 20 1-8 
Mean = 2:1 


When jets issue from /arge nozzles at low speeds, the drops are not found to be 
uniformly twice the diameter of the nozzle. This is because large drops falling 
through the air are unstable, dividing up into smaller units to an extent dependent 
on the path of fall and therefore on the distance of the collecting apparatus from 
the nozzle. 

A drop of liquid in motion through another fluid differs in its behaviour from 
asolid sphere in that it may (a) be deformed, (6) have a circulation set up within 
itself by the shearing effect of the relative motion of the two fluids. These effects 
upset the stability of the drop, causing it to oscillate about the spherical shape and 
eventually to burst into fragments or, at least, into smaller drops. 

Before bursting, the effects of deformation and circulation become apparent as 
an increase in the resistance, compared to that of a rigid sphere of the same dia- 
meter. Bond and Newton (1927) investigated this effect and showed that the 
parameter relevant to these changes was (p — p’)d2g/o where p and p’ are the densities _ 
of drop (or bubble) and medium respectively. The value of this “‘ Bond number” 
(B) was of the order unity when the rate of fall began to change. This value of B 
applied to air bubbles rising slowly in liquids; for liquid drops in a liquid medium 
it was higher—up to five in some cases. A few experiments (unpublished) have 
been done by Davies on the size of drops which will break up in the last 10 feet 
of their fall when released from heights of 30 or 40 feet. It appears that 
deformation ensues when B exceeds 0-4 and circulation within the drop becomes 
effective when B=1:5. As these results are rather meagre and refer to small 
heights, it was thought desirable to make use of a tower of greater height (125 ft.) in 
the interior of which the drops were let loose. The drops were formed by the same 
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method of aspirating some of the liquid up a graduated glass tube of between I 
and 4mm. diameter and launching it by suddenly reversing the pressure applied 
to it. In this way drops up to 1 cm. diameter can be produced entire, although 
since they are not initially spherical, a certain amount of oscillation about the 
equilibrium form occurs before they settle down. In falling they are watched 
through a telescope at the top of the tower and the height at which they break up, 
if that occurs, calculated roughly by timing from release. 

As the drops fell, they acquired an oscillation of figure which grew in amplitude 
until, if not stopped by the filter paper at the bottom of the tower, they broke either 
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into two or three pieces, or else into a remaining drop of moderate size surrounded 
by achaplet of tiny drops. ‘The diameter of each drop was measured by its initial 
volume and checked by the diameter of the stain it produced. It was not possible 
to reproduce conditions exactly. Drops of the same size and liquid did not always 
break up at the same place in their fall, nor, if near the critical size, did both 
necessarily burst before reaching the bottom. 

By plotting d? against 100c/pg, that value of d (in mm.) was noted which best 
represented the critical size; hence the critical Bond’number was deduced : 


d d B ad? d B 
Liquid 1000/pg from 125 ft. from 50 ft. 
Dirty water 5-0 50 7-0 10 95 10 19 
Distilled water is3. 100 10-0 14 100 10 14 
Carbon tretachloride 1-6 13 3°6 8 28 5 18 
Tetrabromethane 1°55 16 4-0 10 25 5 16 
Methy] salicylate D7} 42 6°5 16 50 7, 19 
Do. (thickened) 2°9 1p 8°5 25 80 9 28 
Glycerine + 20% water 525 78 9+) 14. 100 10 18 
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The mean values of B for “thin” liquids are 17 and 12 for 50 and 125ft. jf 
respectively. The fact that a larger drop remains entire at the smaller height can | 
be ascribed to the shorter time over which the disrupting forces can operate. The | 
viscous liquid—thickened methyl salicylate—shows exceptionally high values of 
the critical B. ‘This indicates a superior resistance to the tendency of shearing © 


forces to produce circulation and is paralleled by Bond and Newton’s observations 
of viscous oil drops in water. 


To summarize this part of the work: at low velocities a change in the type of | 
break-up may limit the mean size of drop attainable from a jet, and in such a case the | 


mean size will no longer be independent of the diameter of the nozzle. In addition, 


the maximum drop size will in any type of break-up be limited by the size of the — 
largest drop which can remain unbroken under the circumstances, even at high | 


velocities and particularly with large nozzles. 


§5. CONTINUOUS LENGTH OF JET 


The shape of the curve relating length Z of the continuous portion of the jet to | 
velocity of efHux was first described by Smith and Moss (1917). There are two | 
significant parts of the curve, (1) astraight portion: L/D proportional to VV pDc, 
(2) a hyperbolic portion. ‘Tyler and Richardson in further experiments (1925) | 


showed that the latter was governed by a relation VL/v=constant. ‘This work 
was done with capillary nozz!es (<0-6mm. diameter). 

In order to extend the data on jet length provided by the 1917 and 1925 papers, 
measurements of jet length as well as of mean drop-size were made with the wide 
nozzles used in the present work. 

Both Rayleigh (1892) and Weber (1931) have obtained expressions for the 
optimum rate of growth of “varicosities”? on a cylindrical jet of viscous liquid. 
Viscosity, of course, superposes a damping term on the growth factor. Thus 
Weber’s expression for the damping coefficient is 


3v Ov 
St ek ere ie Jared +(e -<h, 


where ais the jet radius and 27ra/e =A, the wave-length of the disturbance. | fis 
the same for optimum rate of growth, whether the jet be viscous or not (and 
Rayleigh considers this to be so) e« = 1/,/2 and 


- i med aa 
“H opt. ~ 72 a = re ay é 


Taking both negative signs we obtain the following values for —2y with the radii 
0-19cm. and 0-05 cm. of the principal nozzles used in this research :— 


y —2Qu 
cm?/sec. EE a 
a=0°19 cm. a=0:05 cm. 
0-01 65 600 
0-1 70 700 
1:0 140 1,930 
10-00 412 6,000 


Now between viscosities 0-01 and 0-1 there is a negligible change in « and 
therefore in L, but for y= 1 and v=10 the lengths are respectively twice and seven 
times those with negligible viscosity. 
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. Figure 7 shows the measurements of length with a nozzle of 3-8 mm. diameter 
The straight portions of the characteristic curves for varicose jets of small viscosity 


«an be made to coincide if L/D is plotted against V VpD/o. Since all these 
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results are for one nozzle and there is little difference in the parameter V Dp/o 


it is apparent from’an inspection of the figure that this no longer holds, for viscous 
liquids. That this effect is not peculiar to the one nozzle was shoul 'by similar 
measurements on 0-5, 1 and 2mm. nozzles (figure 8), the smallest of whichfoverlaps 
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the range of nozzle size used by Tyler and Richardson, from whose figure 9 the}#) 
dotted line on figure 8 is copied. Furthermore, the straight portion of the curves} 
in figures. 7 and 8 for v=1 and v=10 indicates lengths which are respectively 
about twice and seven times those with negligible viscosity. These figures agree} 
well with those given above derived from Weber's theoretical expression for the 
damping coefficient. he at 

Some experiments were also carried out on mercury and liquids exhibitin | 
anomalous viscosity, one set of which, 14°, solution of rubber in petrol, is shown | 
with the mercury results on figure 9. Pressures up to 1000 Ib. per sq. in. were] 
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used on mercury. ‘These measurements are interesting because they confirm 


the observation of Tyler and Richardson that on contrast to all other liquids, | 
jet length in mercury depended to a marked degree’ on the shape and method of | 
manufacture of the nozzle. 

The rubber solution shows a characteristic property of such fluids. Its | 
position on figure 9 is appropriate to a viscosity of 2 or 3 poise, whereas its apparent — 
value in an Ostwald viscometer (bore 0-5mm.) was 4 poise. Evidently the 
shearing forces in the motion of the liquid through the air are comparatively light, | 
so that its effective viscosity is large. | 

Some photographs were taken of the mercury jets. One of these is inter-_ 
esting as it shows at various sections both varicose (figure 11) and sinuous | 
motion (figure 10) at the same time. ‘The varicose motion eventually persists and. 
breaks up the jet (figure 12). 
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Figure 10. Sinuous motion in a mercury jet. 


V=20°6 m./sec., nozzle diameter=2 mm. 
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Figure 12. Varicose motion breaking up the jet. 
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PART II—LIQUID INTO LIQUID (IMMISCIBLE) JETS 


§1. INTRODUCTION 


In spite of its importance as a method of manufacturing emulsions in what 
s known as an “‘atomizer’’, we have not been able to find any quantitative data 
n the break-up of liquid jets into drops by injection into water or other liquids 
vith which they do not mix. Smith and Moss (1917) and Tyler and Watkin 
1932) have extended their work on the lengths of the continuous portion of jets, 
oted in Part I, to cases in which one liquid is squirted from a capillary nozzle 
ito another liquid. The same general features were observed as in the case 
rhere the liquid emerges into air, i.e., a region in which change of form of the jet 
nithout change of direction caused it to break up into drops and another at higher 
fHux speeds when the jet broke up at the point where the amplitude of its sinuous 
r,0tion became too great for its coherence to be preserved. If the jet passed into a 
ery viscous liquid, the growth of disturbances was hindered and the jet was 
ynger than for the same liquid falling into air or water. 


§2. EXPERIMENTAL WORK 


The liquids forming the jets in the present research were aniline (v=0-04), 
enzene (v= 0-008), paraffin (v = 0-023) and various samples of fuel and lubricating 
il (vy =0-12 to 0-68) squirted into water, and in the case of aniline, also into salt 
slution, contained in a glass-sided tank 4 ft. high by 18 inches square. One per 
ent of an emulsifier in the water prevented early recombination of the drops. 
‘he pressure used to eject them was read on a mercury manometer and afterwards 
orrelated with the velocity of efflux. An instantaneous photograph was taken 
f the field of view some distance from the nozzle. At low speeds a fast shutter 
as used; at high speeds a discharge (arditron) lamp. Care had to be taken in 
noosing a limited portion of the field for analysis that drops were not dispersed 
utside the depth of focus (as this caused fogging) and were not in too great a 
yncentration (as this caused overlapping of images). 

The photographs after development were projected, together with a super- 
osed graticule, on a screen and the different sizes sorted to get summation curves 
milar to those of Part I. The limit of resolution was about }mm. (actual size). 

Such curves were obtained for aniline, paraffin and oil, and benzene into water 
/o=6, 40 and 35 c.g.s. respectively) and for aniline into brine (o/p=12) using 
ree circular nozzles of diameters 1-0, 1-5 and 2-75 mm. at speeds up to 8 m./sec. 
he critical velocities (cm./sec.) for the change of régime from varicose to sinuous, 
cording to Tyler and to Ohnesorge, are as follows :— 


Tyler’s critical V Ohnesorge’s critical 7 
Liquids naan 
D=0:1 D=0-15 D=0-275 | D=0-1 D=0-15 D=0°275 
Aniline—water 46 38 28 70 50 19 
Aniline—brine 65 53 40 98 70 26 
Benzene—water 85 70 50 100 70 25 


Parafhin—water 115 90 70 150 110 90 
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Comparison has been made between the Reynolds number for the mean dro}f 
diameter as observed and as calculated from figure 3 both directly and on th} 
following basis: the abscissae of figure 3 were recalculated in terms of v/xf 
where v, is the dynamical viscosity of the surrounding medium (i.e. 0-15 for ail 
to which the figure refers) and the ordinate of Vd/v read off, corresponding to th] 
appropriate value of v/v) for the two liquids involved. ‘These are given in t i 
following table :— 


Reynolds number of mean drop 
Liquids V/V 
Obs. Calc. for v alone Calc. for v/v, 
Aniline-water 3-0 1500 7000 
Aniline—brine SIE) 1250 5000 
Benzene—water 0-66 5000 27000 
Paraffin—water 2-0 3000 10000 
Oil-water 10-0 550 2000 
1225 675 1900 
25-0 450 1500 
55-0 200 600 


The observed values of Reynolds number for the mean drop are about twic 
those derived on a relative-viscosity basis but much below those appropriate t 
the absolute viscosity of the liquid forming the jet. Evidently, when the critical! 


100 = 


80 


Cumulative percentage volume 


0 2 mas 4 
Figure 15. Drop diameter (mm.). 
Below this, in the varicose régime, the drop size is governed by two additional 
factors, surface tension and nozzle size. The drops also tend to be more uniform 
in size. The difference can be seen on the specimen photographs reproduced. 
Figure 13 illustrates break-up in the neighbourhood of the critical velocity; 
figure 14a shows the spread of the jet in the supercritical region, while figure 146 
illustrates a portion of the same jet sufficiently dispersed for analysis. The 
uniformity of size of drops at very low velocities is well seen in Tyler and Watkin’s 
photographs of aniline—water jets, where the size is almost entirely governed by} 
surface tension. When the speed of efflux is a negligible quantity, we have the 


well-known method of the “ drop-weight”’ for the measurement of interfacial 
tension, 


| 


The break-up of liquid jets i 


ae) 


As a further comparison, two typical summation curves for drop size in the 
itomization (left-hand) and varicose (right-hand) régimes are shown on figure 15. 

The effect of nozzle size is to limit the mean drop size at low velocities of efflux, 
0 that if. d were plotted against the reciprocal of V, we should get curves like those 
f figures 4 and 5. The effect on the liquid-liquid jets is shown in the following 
able :— ee eee Oe 8 Hi . 


Benzene—water 


| 
DOs | D=0°15 D=0:10 
V 95 160 220 100 140 170 87 123 215 >0 
d 0:50 0:25 0:25 0:30 0:35 0:25 0:25 0:20 0:20 0:5 
Vd 47 40 55 30 50 42 22 25 43 — 
Aniline—brine 
D=0:275 D=0°15 D=0:10 
V 95 WAS 140 185 80 125 175 >0 
d 0:37 0-25 0:18 0:25 0:30 ‘0:35 0:28 | 0 37 
Vd 35 45 ' 24 46 24 45 50 —_— 


In no case was break-up produced by disintegration of a drop once formed, 
Ss in certain cases of jets in air, the nozzles used being too fine to produce drops 
vyhich were themselves unstable at the speeds at which they moved through the 
tationary liquid, so that the critical Bond number was never exceeded. 
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_ABSTRACT. It is shown that, having precisely located a neutral point in a magnetic fi 
as the point of intersection of two directional loci, it is practicable to draw the lines of fo 
passing through the point. The theory of the field near a neutral point is treated from} 
geometrical point of view. Examples are shown of fields plotted when a bar magnet 
set parallel or at an angle to the earth’s horizontal field. | 


§1. INTRODUCTORY 


field is described, any such point being determined as the point of intersecti 
of two directional loci which can be plotted with a small compass need 
The properties of the field near a neutral point thus assume a new practidf 
interest. In particular, the lines of force passing through a neutral point can 
plotted, starting at the known point. Ifa small circle be drawn with the point J 
centre it will be found that there are two diameters at right angles along which t 
compass needle will point, with one of its poles over or near the centre of the circ 
showing that there are two lines of force crossing orthogonally and reversi | 
direction at the point. | 
It will be shown that in general the lines of force through a neutral point cons: 
of an isolated line in a certain direction and an infinite number of lines in the plaay 
at right angles. If the direction of the field along the first line is towards tl | 
neutral point the directions of all the lines in the orthogonal plane are away tro} 
the point. ‘The tangent to the first line, at the neutral point, may appropriat 
be termed the principal axis of the field near the neutral point. Usually fa | 
selected plane in which a field is plotted contains that axis, and in such case 
accordingly, two lines of force only will be found passing through the point in tl 
plane of plotting. | 
A theoretical treatment of the field in the vicinity of a neutral point is develope 
from a geometrical point of view, attention being directed to lines of force ar 
field intensities as well as to equipotential lines and surfaces. 
Two examples in illustration are given of the fields plotted when a bar magne 
is set horizontally in the earth’s field, first with its axis parallel, then at an angle, 
that field. Some interesting properties of the field due to the superposition 
the field of a circular current on the earth’s field are also pointed out. 


[: a recent paper * a method of accurately locating neutral points in a magne 


* Owen, Proc. Phys. Soc., 57, 294, 1945. 
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§2. THEORY 


The mathematical investigation of neutral points and lines of neutral points 
has usually been given with exclusive reference to electric fields.* | Neutral 
lines, or lines of equilibrium, are of common occurrence on the surfaces of charged 
conductors,and whole regions of space may occur in which the potential is constant. 
Such phenomena have no counterpart in magnetic fields since, unlike lines of 
electric induction, lines of magnetic induction are always closed curves. Thus the 
points of emphasis in the two kinds of field are different. The fact that magnetic 


lines of force can be readily plotted lends a practical interest to the study of the 
magnetic field. , 


In place of the usual analytical treatment a geometrical approach is here 
proposed, attention being directed to lines of force and field intensities as well as to 
the equipotential lines and surfaces which appear to be inevitable at the outset. 
Take any plane containing a neutral point, and choose rectangular axes of x and y 
in the plane, with origin at the point. Measuring potentials from a value taken as 
zero at the neutral point, the magnetic potential V at any point (x,y) can be 
represented by the length of an ordinate erected perpendicular to the plane. A 
continuous “‘surface of potential” (not to be confused with an equipotential 
surface) can thus be generated which touches the plane at the origin. ‘The curves 
of section of this surface by planes parallel to the x, y plane, when projected on 
hat plane, are equipotential lines. Close to the origin all such surfaces become 
ipproximately of the second degree and, as is shown in treatises on solid geometry, 
yelong to one of three classes: the elliptic paraboloid, the hyperbolic paraboloid, 
and the parabolic cylinder. 

The first of these, the elliptic paraboloid, lies wholly an one side of the x, y 
slane, and the corresponding equipotential lines are similar ellipses. 

The second, the hyperbolic paraboloid, is a saddle-back or anticlastic surface, 
ying partly above and partly below the x,y plane. ‘The curves of section by 
ylanes above the reference plane are similar hyperbolas and the equipotential 
ines obtained by projection are of one sign of V; while the sections below the 
ylane yield on projection the conjugate hyperbolas, with the opposite sign of V. 
The reference plane itself cuts the surface in a pair of straight lines through the 
srigin, namely, the common asymptotes V =0 of both sets of hyperbolas. 

The third class of surface, the parabolic cylinder, lies wholly on one side of the 
-eference plane, and the sections parallel to the plane are pairs of straight lines. 
Such a surface would lead to a field in which all the equipotential lines were 
yarallel, and therefore cannot represent the essentially non-uniform field near a 
1eutral point. This consideration eliminates the parabolic cylinder as a possible 
‘orm of surface of potential. 

The form of the equipotential surfaces near a neutral point can now be deter- 
nined. Sections by any plane through the point must, as we have shown, be 
ither ellipses or hyperbolas. The ellipsoidal form of surface is excluded by the 
-onsideration that it would imply the existence of a field with lines of force all 
onverging to or diverging from the neutral point, in contradiction to Gauss’s 
heorem as applied to magnetism. The hyperbolic form of equipotential surface 


* See Maxwell’s Electricity and Magnetism, Vol. I, Chaps. VI and VII, and Jeans’s Electricity 
md Magnetism, Chap. II. 
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remains as the unique general solution. The equipotential surfaces near It 
neutral point accordingly consist of a system of similar hyperboloids of two sheets} 
with potentials of one sign, and of the conjugate hyperboloids of one sheet, wit) 
potentials of the opposite sign, the two sets being separated by the asymptoti) 
double cone V=0. The form of the members of such a system is indicated 13} 
figure 1. 
The principal axes of the system may now be adopted as the rectangular axe: 

of x, y and z, with axial lengths a, b and c respectively. The general equatiag 
of the whole system is 

x2 ye 2 

a PB Ce 
the positive sign on the right-hand side applying to the 2-sheet hyperboloids, the 
negative sign to the 1-sheet hyperboloids. As a, b and c change values from zere 
upwards, their ratios remaining constant, the successive equipotential surfaces 


are described. 


mck Dylicy a eee (1) 


Figure 1. Equipotential surfaces close to a magnetic neutral point, showing one 2-sheet hype: 
boloid (V=1) and one 1-sheet hyperboloid (V=—1), separated by the asymptotic con 
(V=0). The axes of x and y (lengths OA=a and OB=5b) are taken in the plane of “ 
paper. ‘The axis of z ee. c) is not shown. 


a 


It can at once be seen that the lines of force through a neutral point, being}! 
orthogonals to the equipotential surfaces, consists of one line along the or a axis) 
and an infinite number of lines in the perpendicular plane. The lines of force 
in that plane can be shown to be curves satisfying the equation z= Ky”, where 
n= b?/c and K takes all values from zero to infinity. : || 

The x-axis can thus be regarded as the principal magnetic axis of the field at the 
neutral point. Lines of force plotted in any plane containing that axis (as in the| 
two practical examples given below) will show only two lines of force through 
the neutral point, crossing at right angles at the point; if the direction of the fiel dp 
is towards the neutral point along one line, it is away from it along the other. | 

Since the surface of potential with respect to any plane through a neutral poin}} 
is of the second degree and touches the plane at that point, the potentials at thd] 
extremities of the axes of any equipotential hyperboloid may be denoted by 
Aa*, — Bb? and —Cc?, where A, B and C are positive constants. -Thu: 


——e 


Lines of force through neutral points in a magnetic field 7; 


eV 0x? =2A, 0?V joy? = —2B, and d2V /az2= —2C. Applying Laplace’s equation 
OV (Ox + 0?V dy? + 02V /dz? =0 
it follows that A— B—C=0, thus imposing a relation between a, b and c, namely 


Pe iO he ay ey, (2) 


In general, therefore, both 6 and c must be greater than a, so that the field 
gradient is steepest along the x-axis. Two special cases occur: first when 
| b=c=ay/2; next whena=b,c=x. In the first case the hyperboloids become 

surfaces of revolution about the x-axis. The two equipotential lines V=O in 
any plane through the x-axis make angles tan! \/2 with the axis; and the field- 
gradient along that axis is twice that along the y- and z-axes, and of the opposite 
sign. ‘This case is illustrated in figure 2. In the second case the equipotential 


ELON 


\ 

Figure 2. Field (one half, to half-scale) of a cobalt-steel magnet 1” long, 3” in diameter, axis 
parallel to H, S-pole to the north. The lines of force through the neutral points are 
drawn of double thickness. The dotted lines are the plotted equipotentials through one 
of the neutral points, and make angles with the axis agreeing well with the theoretical 
value tan-14/2. 


surfaces become hyperbolic cylinders, the equipotential lines V =0 in the plane 
2=0 make angles of 45° with the x- and y-axes, the field-gradients are equal but 
of opposite sign along those axes, while the z-axis is tangent to a circle of neutral 
points. This case is illustrated in figure 3. 


§3. EXPERIMENTAL 
The two practical examples of plottings of fields containing neutral points. 
relate to a simple bar magnet set with its axis horizontal in the earth’s field. As 
the vertical component of that field has no influence on plotting in a horizontal 
plane, the lines of force obtained are of course identical with those due to the 
superposition of a uniform field H on the field of the magnet. The pair of lines 
of force crossing orthogonally at the neutral point are drawn of double thickness. 

In the first example (figure 2) the magnet is set with its axis parallel to H, with 
S-pole to the north. The principal line of force, through both neutral points, is 
along the axis of the magnet. The second line N, PN, also contains both neutral 
points with the complementary half (not shown) it forms a nearly circular 
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closed curve, a little flattened in the direction of the equatorial line of the magnet. | 
It is interesting to note that were the magnet replaced by a doublet of equal |§ 
magnetic moment this line would become a circle; and that at any point on 
the circle, taking the doublet as origin and measuring @ from the axis, the field | 
intensity would be 3 Hsin@. } 

The second example illustrates a more general case, the bar magnet being set | 
with axis perpendicular to H. | 

Interesting examples, easy to plot experimentally, also occur when a circular 
current is set with plane vertical and axis parallel to H. If the two fields oppose | 
along the axis the pair of neutral points coincide at the centre of the coil for a | 


Figure 3. Upper half of field (to half-scale) due to the same cobalt-steel magnet placed with 
its axis perpendicular to H, N-pole to the west. 


certain value of the current. For current values above this the neutral points | | 
separate along the axis, while for values below it they separate along the diameter. |] 
On reversing the current the neutral points are always on a diameter and outside | 
the coil. 

When the neutral points fall on the axis the same pair of lines of force pass 
through both neutral points, one coinciding with the axis, the other embracing 
the coil; and the pair of equipotential lines V=0 make angles tan“! \/2 with the 
axis. 

When, however, the neutral points lie on a diameter a looped line of force |) 
passes through each neutral point, cutting itself orthogonally there. One of the |f) 
equipotential lines through either neutral point is along a diameter, the second is 
parallel to the axis, so that both lines make angles of 45° with the lines of force 
through the point. 
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SENSITIVITY AND IMPEDANCE 
OF ELECTRO-ACOUSTIC TRANSDUCERS 


By P. VIGOUREUX, 


‘Torpedo Experimental Establishment, Greenock 


MS. received 29 May 1946 


ABSTRACT. 'The equivalent electric circuits of piezoelectric and magnetostriction 
electro-acoustic transducers are derived in terms of their mechanical constants, and the 
potential difference across the output terminals of a transducer placed in a given sound field 
is calculated in terms of the pressure of the undisturbed field and the radiation resistance 
of the transducer. 

It is shown that, with certain reservations, the radiation resistance can itself be estimated 
from purely electrical measurements of the impedance of the transducer in air and in water 
over a range of frequencies near resonance, or even at a few selected frequencies. 

‘The construction of impedance and admittance diagrams is explained, and it is shown 
how the frequency of maximum acoustic output of transducers can be obtained from elec- 
trical measurements without any acoustic measurements. 


SUN TROD Wel TON 


HE measurement of the intensity of supersonic fields in various media, 

e.g. in water, is usually effected by means of a calibrated hydrophone, i.e. an 

electro-acoustic transducer which gives a voltage proportional tothe pressure 
or particle velocity of the field in which it is placed. It is not easy to make a hydro- 
phone having the same sensitivity over a wide range of supersonic frequencies, but 
‘here are methods of obtaining the calibration over the range. 

In many cases, however, the measurement of the supersonic field 1s required 
only in connection with an installation comprising an electro-acoustic transducer 
of a different kind, used primarily, say, for under-water signalling or for submarine 
Jetection, and, with certain limitations, it is possible to make use of the same 
ransducer for measurement of the sound field, thus avoiding the necessity for an 
wuxiliary hydrophone. ‘This transducer operates only at or near its resonance 
frequency and its vibrating face has dimensions large compared with the wave- 
ength; it is suitable only for measurement of supersonic fields of frequencies 
hear its operating frequency, but these are also in general the only fields of interest 
or the practical use of the transducer. The only data required for this measure- 
nent are the face area and the radiation resistance of the transducer, and the only 
»bservation required is that of the potential difference which appears at the 
erminals of the transducer as a result of the sound field in which it is placed. 

The radiation resistance can itself be derived from purely electrical measure- 
nents of the impedance of the transducer in air and water over a range of fre- 
juencies near resonance, or even at a few selected frequencies, provided it can be 
scertained that the mode of vibration is the same in air as 1n water. 

The theory underlying those measurements is given below for piezoelectric 
nd magnetostrictive transducers. 
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§2. MECHANICAL IMPEDANCE OF TRANSDUCER | | 


The only accessible parts of the transducer, as far as the measurementif 
considered here are concerned, are its vibrating face and its two terminals A and | 
For more generality let an external impedance Z, be connected across A, B. 

Denote by &y the mechanical impedance of the transducer under thes 
conditions, i.e. the quotient of the force F applied to the face of the transduce! 
and the resulting velocity u of the face. 

When the transducer is immersed in an elastic medium, displacement of the tI 
face is resisted not only by the pats £y of the transducer, but also by anf} 
additional mechanical impedance “wy which depends on the area A of the face an¢ 
on the frequency; the velocity of the face is, therefore, inversely proportional te y 
#Ly+Z#y. Itmustalso be proportional to the free field pressure p, and is, there, \ 
fore, equal to mp/(Zw+2r), where m is independent of Zp but may depend oaf} . 
the face area and on frequency. But when 2g is equal to Zw, the sound field in q 
front of the face is not disturbed by the transducer,* for the impedance would zi { 
bealtered by it; accordingly, in that case, the velocity of the face is the same all 
the free field particle velocity, viz. p/pc; hence ; ' 


mp p 22 y 
Beas or m= mee 
The velocity can therefore be written 
pa eh 
~ p(Ly+Lq) 


In the case when the dimensions of the transducer face are large compared wit , 
the wave-length, the “‘ plane wave damping” condition is approached, and thd} 
impedance #y is nearly equal to the pure resistance pcA. In this case the aboy 
formula reduces to 

2pA 
= Py Ca ae se eeee (1) 


Expressions must now be obtained for the impedance 2’y for various types 0 
transducers. These types can be divided into two classes, one of which includes 
the electrostatic and piezoelectric types, the other the electromagnetic aid fi 
magnetostriction SY Pes. 


velocity of the face when the terminals A, B are on open circuit, be #. In “idl 7 
absence of electrical input, if a force F applied to the face produces a velocity wf 
the total power input is the product F'.u, and when electromechanical transfes}! 
of energy is allowed to occur, this power must be equal to the sum of the powers Fl 
dissipated mechanically and electrically. 
In the piezoelectric case the quantity of electricity liberated at the electrodes iaft 
proportional to face displacement, in other words, face velocity u produces in thé 
ic Actually there is the additional requirement that the acoustic impedance per unit area biff! 
uniform over the face of the transducer, otherwise the field is distorted. This additional conditiod 


is approached when the face dimensions are large compared with the wave-length. The absenc | 
of a rim and other stationary supports near the face is also implied, as they would cause distortion} 
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impedance Z,, formed by Z and Z, in parallel a current ku, where k is a constant of 
the transducer independent of frequency. Since the electrical power is Z,2 . 2, 
the power equation is 

F.u=2u.u+Z,ku. ku, 


from which, after division by u?, the total impedance is found to be 
F 
Zy= —_— = a +#Zy- eee eoe (2) 


In the magnetostriction case, on the other hand, the magnetic flux linking the 
| winding is proportional to face displacement ; in other words, velocity u produces in 
the loop of total impedance Z, formed by one or more parts of Z (e.g. inductance 
-and series resistance to the winding), in series with Z, and the remaining parts 
(e.g. shunt resistance of the winding), an e.m.f. hu Here h is a constant of the 
transducer independent of frequency. Since the electrical power is e . e/Z,, the 
power equation is 


F.u=Zu.uthu.hu/Z, 


from which the total impedance is found to be 


F 
Bu=—=2+WZy, J atane .(3) 


$3. SENSITIVITY OF PIEZOELECTRIC RECEIVER 


In most cases the quantity observed or used is not the face velocity but the 
electric potential v to which it gives rise across AB. In the piezoelectric case this 
voltage is equal to the current through Z, multipled by Z,. ‘The current is equal 
‘to ku, and by insertion of the value of u from (1), substitution of the value of AN 
from (2) and abbreviation of the motional impedance (pcA + Z)/k? by J, it is found 
that 


tas 2pkA 
et dis pcA+ Zp 
7 2pkA 
| pA2 FZ, 
2pA 1 
= = ee fm Zptd’ e@rreee (4) 


from which it appears that the representation of the piezoelectric receiver can be 
completed by addition to Z, of an electric curcuit J in which there is an e.m.f. e 
equal to 2pA/k. If a, 6, g are the mass, damping and restoring constants of the 
transducer, & is equal to aD +b +g/D, where D is the time differential operator. 
If this value of & be inserted in the formula for J, it is found that J is equal to 
ND +S,+1/KD+pcA/k?, where N, S; and K are written for a/k®, b/k’ and 
k? |g respectively, and represent the equivalent series inductance, internal resistance 
and capacitance of the transducer. By analogy the term pcA/k* must be identified 
with the radiation resistance S of the transducer; this relation gives 


= 
re, (Oe Pe, (5) 
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and, therefore, 2pA 2 foe 


le ee 
pc 


: ee oy. (6) 


and the circuit of figure 1, into which is injected an e.m.f. e independent of fre- 
quency, gives an electrical representation of the behaviour of the receiver. In 
that circuit, the impedance Z,, comprises the capacitance c of the transducer and 
the external impedance Z, in parallel. 


MES pias) es 
oe RO FG 


Figure 1. Electrical equivalent of piezoelectric receiver. 


§4. SENSITIVITY OF MAGNETOSTRICTION RECEIVER 

In the magnetostriction case, the voltage v across AB is equal to that produced 
by an e.m.f. hu in the winding L which forms part of the series circuit Z,. This 
e.m.f. hu produces a current 7 in the winding and the rest of Z,, and the terminal | 
voltage is obtained by multiplication of 7 by the lumped impedance of all elements 
between A and B excluding that containing L. Insertion of the value of u from 
(1), substitution of the value of 4 from (3), and abbreviation of the motional 
admittance (pcA+Z)/h? by G yields 


hb. [eGZ .= 4) oe ee (7) 


from which it appears that the representation of the magnetostriction receiver can 
be completed by addition across Z, of an admittance G, the whole being fed with a 
current 7% equal to 2pA/h. Since as before the mechanical impedance Z may be 
represented by aD +6+</D, where D is the time differential operator, the admit- 
tance G is equal to KD + 5+ = + 2 where K, S; and WN are equal to. 

alh°, h®/b and h?/g respectively, and represent the equivalent parallel capacitance, 
resistance and inductance of the transducer. By analogy, the resistance h2/pcA 
must be identified with the radiation resistance S of the transducer. This 
relation gives 


h=V pcAS 


and pa He 
ign BA nop fA, cae (9) 


and the circuit of figure 2 fed with a current 7) independent of frequency gives an 
electrical representation of the behaviour of the receiver. | 
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wn 


In general the impedance Z consists of the inductance L of the winding and 

its resistive component. As the loss in the winding is chiefly due to eddy currents, 

a shunt resistance is a better representation of it than a series resistance, because 

the former gives a phase angle proportional to frequency as required by eddy- 

-currentloss. This shunt resistance r must be inserted across L + G in the electrical 

representation. Consideration of the case when Z, is infinite shows that it must 

not be inserted across L alone, because it would then have no influence on the 

terminal voltage, which in reality it tends to reduce, since it represents loss by 
eddy currents. 

ie Ae h? a 
g b pA PR 2 
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Figure 2. Electrical equivalent of magnetostriction receiver. 


§5. IMPEDANCE OF PIEZOELECTRIC TRANSDUCER 


With the reservations made in § 1, the radiation resistance S can be determined 
by purely electrical measurements. 

In the case of the piezoelectric transducer, which is a fairly high-impedance 
device, there is no difficulty in maintaining a constant voltage across the terminals. 
The current observed is then proportional to admittance. In the absence of an 
external impedance Z,, the impedance Z,, of figure 1 reduces to that of the con- 
denser C, as in figure 3 (i), and by measuring admittance at frequencies well above 
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Figure 3. Analysis of piezoelectric transducer. 
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and well below resonance, the admittance of the condenser alone can be evaluated | 
at any frequency by proportion, and subtracted vectorially from the admittance 
of the whole network. If the remaining admittance is plotted vectorially, a | 
circle of diameter 1/(.S +.S;) is obtained, and the Q value 1/(S + S;)Kwo is equal to | 
w,/Aw where Aw is the frequency difference between the two quadrantal poe 
i.e. the two positions M and N, figure 3 (ii), for which the vectors are at 45° to ! 
the diameter. The constants of the transducer are thus completely determined. | 

In order to separate S from S;, it is necessary to perform measurements with | 
the transducer in air and in water or other medium in which it is used. The value | 
of pc for air is so much smaller than it is for water that in many cases it can be 
neglected altogether, but anyhow a correction can be applied. If the linearity of 
the transducer has not previously been established, the measurement in air must | 
be effected with a voltage which gives the same amplitude of vibration as in water; | 
in other words, the difference between the maximum and minimum currents must 
be the same in each case. Even then, subsidiary vibrations, which occur more | 
readily in air than in water, may vitiate the results. 

When the Q value is high and speed of measurement is desired rather than }} 
great accuracy, it is sufficient to observe only the two maximum and minimum | 
currents 7,, 2, for an applied voltage v, and the corresponding frequencies w,, wz 


(figure 3(iii)). It is shown in the Appendix that the following approximations | 
hold: 


Wy LY Va,ws, terri). (10) 


The analysis of the piezoelectric transducer into its components is thereby 
complete. It must, however, be emphasized that this method, whilst valuable 
for its rapidity, is not comparable in accuracy with the more elaborate measurement 


of admittance at a number of frequencies and plot of the circle diagram, especially 
when the QO value is low. 


§6. IMPEDANCE OF MAGNETOSTRICTION TRANSDUCER 


As the magnéetostriction transducer is a low-impedance device, a convenient _ 
way of measuring its electrical performance is to send a known current through it 
and to measure the voltage at the terminals for a number of frequencies. The 
impedance in series with L in figure 2 reduces in this case to the shunt resistance r_ 
of the winding L as in figure 4 (i). This measurement gives the impedance of the _ 
whole device. ‘l'o obtain the motional impedance it is necessary to subtract the - 
impedance of the winding. | This impedance can be evaluated at any frequency by | 
proportion if readings at two frequencies, one well below, the other well above _ 
resonance, aretaken. ‘The ends of the motional impedance vectors should lie on a 


\ 
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|-circle of diameter approximately equal to S, where for brevity S is taken as the 
‘resultant of the internal and radiation resistances of figure2. The O value, which 
‘in this case is the resistance multiplied by Kw, is equal to w)/Aw, where Aw is the 
‘difference between the quadrantal frequencies. The constants of the transducer 
-are thus completely determined, and if the measurements are taken in air and in 
‘water, the radiation resistance can be separated from the frictional resistance, 


subject to limitations of a nature similar to those mentioned in the piezoelectric 
(case. 
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Figure 4. Impedance diagram for magnetostriction transducer. 

Even when the QO value is large, as for instance in the measurement in air, the 
quick method described for piezoelectric transducers, whereby all the constants 
can be determined from the two maxima and the corresponding frequencies, does 
not prove so convenient here, because the loss in the winding cannot be neglected 


as was the loss in the condenser, and in consequence it cannot be assumed that the 
ircle is tangential to the impedance vector of the winding. ‘The formulae of 
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§5 and figure 3 come out easily and simply, precisely because OA isa tangent to the | 
Bale: | | 

For completeness, the ideal diagram of the magnetostriction transducer is} 
given in figure 4, but in practice the reactance w L of the winding varies considerably: 
over the range of frequencies concerned, and cannot be regarded as constant as in} 
the diagram. As a result of this variation the diagram is distorted into a loop) 
roughly indicated by the dotted curve of figure 4(iv), and it is only after the} : 
subtraction of impedances mentioned above has been performed that a proper |} 
impedance circle is obtained. | | 

Even after subtraction, the admittance motional circle is not always tangential. i 
to OAs, as in figure 4 (iii), which is obtained under the assumption that the whole 1) 
of the winding loss is due to eddy currents and, therefore, equivalent to a shunt 
resistance r. Allowance of a series resistance leads to a tilted admittance circle as J 
well as a tilted impedance circle. |) 


§7. ALTERNATIVE EQUIVALENT CIRCUIT 
It is possible to obtain an almost identical admittance on the assumption that 
the motional impedance of the magnetostriction transducer is a series circuit N’, |} 
S', K" connected in parallel with L and with 7, as in figure 5(i). In order tof 
examine the extent to which the two circuits are equivalent, it is sufficient to Hl 
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Figure 5. Alternative electrical equivalent of magnetostriction receiver. 


calculate and inspect the expressions for their admittances Y, Y’ for any frequency 
w 3 since r occurs alike in both, it can be left out. Then 


1 1 —w?NK +joN/S 


fel, 7 — wNK + joN/S 
Paes a (14) 
4 1-etn K'(1455) + joK'S’ 


jale \ WSN kh akes: 
It is not possible to choose N’, S’, K’ so as to make Y’ equal to Y at all frequen- 


cies; but in the neighbourhood of resonance the two expressions will be very 
Sealy equal if 


rae oe N KGa coer 
a) Eee SS ae any oe aie Crs 
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In particular, these values give identical admittance at the frequency for which 
the motional admittance is a maximum. ‘This frequency, corresponding to B, 
in figure 4 (iii), and B’ in figure 5 (ii), is given by 


w®NK=1+2, or waa (1 +7) 
and the motional admittance is 1/S’. 
| Apart, however, from the inability of the series circuit exactly to reproduce the 
behaviour of the transducer at all frequencies, its use as a receiver equivalent 
presents another difficulty : comparison of the two circuits shows that for equality 
of electrical output from a given sound field, an e.m.f. e’ equal to 2pAwL/h must 
be supposed injected into the series equivalent circuit. As this e.m.f. is not 
independent of frequency, the series representation, although sometimes con- 
venient, is not strictly correct for the magnetostriction case. 


§8. FREQUENCY OF MAXIMUM RADIATION 
When the transducer is excited electrically, it is often the frequency of maxi- 
mum radiation which it is desired to find, rather than that of maximum or minimum 
impedance. In general this frequency depends on whether the transducer is 
excited from constant voltage or fed with constant current, but it can always be 
determined by purely electrical measurements. It has been pointed out that as far 
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Figure 6. Admittance diagram of an electro-acoustic transducer. 


as impedance or admittance diagrams are concerned, it is immaterial whether the 
motional component of the transducer be represented by a series network of 
impedance J, or a parallel network of admittance G. 

To study the constant voltage case, it is convenient to use the series equivalent 
J. Now the whole of the purely electrical network between A and B, figure 1 or 
figure 5(i), can be replaced by a star network Z,, Z2, Z;, connected to A, B at one 
end, and to J at the other, as in figure 6 (i). With constant voltage applied to AB, 
the current or admittance O,P into A, B will be the resultant of two vectors, 
the slowly varying current O,A, in Z3, figure 6 (ii), and the rapidly varying current 
A,PinJ. If the admittance diagram is loop-shaped, the motional admittance 
circle can always be derived by subtraction of the slowly varying components, as 
sxplained in §§5 and 6; the origin A, of the circle, which is a point on the circum- 
‘erence, is located in the process. If the diameter A,B, be drawn, the extremity B, 
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determines the frequency at which the current 7 in J is a maximum. Since the 
radiated power is S7?, this frequency i is also the frequency of maximum radiation 
for constant applied cole 

The constant-current case can be studied by transforming the purely electrical 
network between A, B, figure 2, into a I] network Z,, Z,, Z; connected to A, B at 
one end, and to the parallel equivalent admittance G at the other, as in figure ts (i). 
With constant current fed into A, B the voltage or impedance O,P across AB will be 
the resultant of two vectors, the slowly varying voltage O,A, across Zz, figure 7 (ii), 
and the rapidly varying voltage A,P across G. If the impedance diagram 1s loop i | 
shaped, the motional impedance circle can again be derived by subtraction of th ; 
slowly varying components, and the extremity B, of the diameter through the 
origin A, determines the frequency for which the voltage v across G is greatest. | 
Since the radiated power is v?/,S, this frequency is also the frequency of maximum) 
radiation for constant current fed to the transducer. 
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Figure 7. Impedance diagram of an electro-acoustic transducer. 

In general, a transducer is neither excited from constant voltage nor fed with | 
constant current, but is coupled to a generator of constant e.m.f. FE, having a |} 
certain internal impedance, say Z,. But the complete system can be represented | 
by a constant voltage F applied to the impedance of the transducer and the impe- 
dance Z, in series. ‘Thus this general case reduces to that of constant applied 
voltage, and can be solved by production of the admittance diagram, figure 6. 

In practice, condensers or coils are added to the circuit so as to “tune” it, 
1.e. to arrange that its admittance at the frequency of maximum radiation would be 
a maximum if the transducer were clamped. The condensers or coils also serve 
to “match” the transducer to the generator, i.e. to ensure that half the power 
generated is radiated. On account of the “tuning”’, the electrical impedances 
vary with frequency in the neighbourhood of resonance nearly as much as the 
motional impedance, and the admittance diagram cannot be derived in the simple 
way illustrated in figures 3 and 4. But in this case a readicer method of deter-. 
mining the frequency of maximum radiation and at the same time of ensuring 
correct tuning is to plot current against frequency, when the ‘‘ M”’ or double-hump 
curve characteristic of coupled circuits is obtained. ‘Trial adjustment of the 
tuning condenser, without entailing much labour, secures a symmetrical curve, 
the minimum giving the frequency of maximum radiation. 
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AP PEN DIX 
Rapid analysis of piezoelectric transducer 


When the O value is high, i.e. when SKw, is small, the ends of the admittance 
vectors lie almost exactly on a circle. In figure 3 (ii), AB is proportional to 1/S, 
where for brevity S is written for the sum of the internal and radiation resistances, 
and OA is proportional to Cw». ‘The approximate values are 
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The frequencies w,, w, are related to the transducer constants by the formulae 
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Insertion of these values in (18), (19) and division gives after some rearrangement 


Wl, + Wels 


Wo" = WW REE =O lee uae (22) 
where > 
__ (@2 = &1)(4 = 2) 
6 fae eS ST 
Waly + Wyls 
is small. 


Thus to a first approximation wy is equal to V w1W>. 
The value of Q can be found by adding equations (20) and (21) and equating 
to the sum of (18) and (19) which, after some reduction, gives 


1) ly 
Ototterentoner)mennn( sf? +3) 


30 H. Frohlich and R. A. Sack 


z 1; 

1 2 

. a = Ni = 
Ly 1, W1Ws 


Ws — Wy Ww V/ ww 
2 0 1%2 
ESS 


V w1Wo 9 


Or 


By (22), the denominator of the second factor becomes 


= (l—«)?+(1-—«)? 
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‘which is in general very nearly equal to 2. Thus the formula becomes 
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Since Q is equal to SKw », K is obtained from (23) and (16). 
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ABSTRACT. An estimate is often required of the absorption of light by a single layer 
of atoms (in particular alkali metal atoms) adsorbed on a non-metallic surface. Such an 
absorption is accompanied in many cases by a selective photoelectric effect at comparatively 
long wave-lengths. In the present paper the probability is calculated of a light quantum 
being absorbed by such a layer, and a mechanism suggested for the emission of the photo- 
electrons. 


§1. ABSORPTION OF INCIDENT LIGHT 


HE absorption of a light quantum leads to the transition of an electron in an 
adsorbed atom from the ground state to a higher level. As with the absorp- 
tion of light by atoms dissolved in solids, we should expect a considerable 
broadening of the absorption line, i.e. practically an absorption band about the 
frequency v9, where yy is the energy difference between the ground level and the 
excited level of the electron. For reasons shown by Mott and Gurney (1940, 
p. 116) the width of the absorption band is proportional to +/T, where T is the 
absolute temperature. 
To find a general expression for the absorption we bear in mind that, as far as 
the transition from the ground state to the excited state is concerned, a number N 
-of adsorbed atoms behave like Nf classical harmonic oscillators of electronic 


Light absorption and selective photo-effect 30 


harge and mass, where f denotes the oscillator strength connected with the 


ransition. Let 
EH=£K,cos 2rvt ah ES (1) 


'e the homogeneous electric field acting on the adsorbed layer; the polarization 
nduced in it will be of the form 


PSP Cos ait, Siam eee (2) 
t is useful to define a complex dielectric constant 
ees, be et de) eee we (3) 
a such a way that the electric displacement 
Dy ee a | en a rer ee (4) 
3 given by. the real part of «E,e?™. Then 
4nP, =(e,—1)E,; mit eNO ae ie (5) 


If we assume that the magnetic field H does not act upon the electron, the 
nergy absorbed by the adsorbed atoms per unit time and volume is, according 
o Maxwell’s equations, given by 


vhere the bars indicate averages over one period. 

If the number of atoms per cm? in the surface layer is denoted by g, and their 
umber per unit volume by N, the rate of absorption per unit surface is given by 
z/N. Substituting into (6) from (2) and (4) and making use of (5) we find 


psa ee 
ee (7) 
hus the probability p for the absorption of light is given by 


I is the intensity of the incident light. Since the average values of electric 
nd magnetic energies in a light wave are equal, we have 


Do ral te ge et 
peer atl eielt ey) gee ane See (9) 
nsertion of this into (8) leads to 
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[ere it is assumed that the velocity of light in the surface layer is approximately 
qual to the velocity ¢ in vacuum, and that the local electric field acting on an 
lectron is equal to the field strength in vacuum. ‘These assumptions are equi- 
alent to the conditions 
e«,-1<1, Se er me (11) 

» that the interaction between the induced polarizations of different atoms can 
e neglected. It also excludes the possibility of appreciable reflexion from a 
ipporting layer. Such terms would not, however, change the order of magnitude 


(10). 
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The shape and magnitude of the absorption band is determined by «2. Fronl}. 
very general arguments by S. Whitehead (1946) and B. Gross (1941) it follows}) 
with the use of (11), that 


pages dv 
het ll “o)—, = = ae (12) 


where Ae is the contribution of the oscillators to the static dielectric constant 
If we assume that the absorption band is centred about the proper frequene 
vy of the oscillators and is of a mean width Av, the average value e, is found 
from (12): 


so that the average probability of absorption within the absorption range will be 
given, according to (10), by . 


Now the restoring force of an elastically bound electron is 47?mv)?Ax, and thusi| 
the average displacement in a constant field Ey is Ax=eE,/4n?mv,?. Hence,|p 
since there are Nf such oscillators per unit volume, 
4nreAxNf e?N 
Ae= Lee, = i ve: he Wie Oeeeereee (15) 
Ee TV" 


Inserting this into (14), we obtain 


«a» we*sf. megs Ve 


where Ay =¢€/v. 
Thus for an absorption band in the visible (Aj ™5 x 10->cm.) with a large} 
oscillator strength (f= 1) and a broadening Av/v) ~ 1/2, we obtain for a density of} 
z=10'° atoms per unit sutiace \(¢777-e—3 ~ 10—)* cim,) | 
| p= Al 
i.e. absorption of about 10%. 


§2. PHOTO-EMISSION | 

Emission of photoelectrons from adsorbed atoms can be obtained by the 
impact of light quanta with an energy less than the ionization energy of the free 
atom. ‘The reason for this is that part of the ionization energy may be provided 
by the difference in the energies of adsorption of the neutral atom and the positive 
ion. Photo-emission may thus be considered as a two-stage process : (i) absorption 
of a quantum hy in the absorption band centred around hp, leading to a transition 
of the electron from the ground state to an excited level ; (ii) emission of the electron | 
from the excited state.* Two mechanisms can be suggested for the second step. 
Either the energy difference A between the adsorption energies of the excited} 
neutral atom and the positive ion is larger than the energy « required for the 
emission of an electron from the excited atom (and in this case electrons will be. 
emitted with an average kinetic energy «—A), or else « is slightly smaller than A : | 
* A similar two-stage process has been suggested by Ryzhanov (1939) ; as the second step 


he assumes a transition of the excited metal electron into a lower state with a simultaneous excitation - 
or emission of an electron in the supporting semi-conductor. | 
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then the missing energy may be provided by the thermal energy of the supporting 
solid. ‘This latter possibility is similar to the case of the internal photo-effect 
(ct. Mott and Gurney, 1940, p. 134) and, as in that case, a sudden drop in the 
photo-yield is to be expected as the temperature is lowered below a critical value. 
For this second mechanism the kinetic energy of the emitted electrons should be 

_ of the order of the thermal energy. For both mechanisms suggested, the selective 

photo-effect should be centred about a frequency corresponding to a strong 

absorption line of the free atom. Actually the maximum photo-yield of Cs 
atoms adsorbed on a layer of Cs,O lies at 8000a. (cf. Kluge, 1933; de Boer, 

1935, p. 327), whereas the resonance line for the free Cs atoms form a doublet 

at about 85004. and 89004. For Rb on Rb,O the corresponding figures are: 

- 6500-68004. for the yield maximum and 7900a. for the resonance line. This 

small shift of the maximum of the selective photo-effect can be expected in view 

of the different adsorption energies of the atoms in the ground state and excited 
state. For potassium the agreement is less satisfactory; the resonance line is at 

_ approximately 7700 a., whereas Kluge (1933) finds the maximum photo-yield at 

4600-5200 a.; this peak, however, is not very pronounced, and its position 

cannot be accurately determined because of the proximity of a much stronger 

maximum at 41004., which is due to the supporting layer. 

Another conclusion arising out of the present theory is that the spectral width 
of the emission band should increase proportional to »/T, similar to the increase 
in the width of the absorption band in solids. Thus, the higher the temperature, 
the further should the photoelectric threshold be shifted towards longer wave- 
lengths. No experimental evidence on this point is available at present. 
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CORRIGENDUM 


'“ The Propagation of Supersonics in Capillary Tubes”, by J. May (Proc. 
Phys. Soc., 50, 558 (1938)). 


The figures in the seventh column of the table, headed “‘ Amplitude absorption coefficient, 
Practical value ”’, should be divided by 2. as 

(The author wishes to thank Mr. J. E. Drummond for pointing out an arithmetical 
_ error.) 
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ABSTRACT. An ultimate limit to the sensitivity of a detector of thermal radiation is | 
set by the inherent fluctuations in the stream of radiation. This paper presents the relevant | 
quantitative relations to enable these fluctuations to be calculated in practical cases. The | 
result is presented as the minimum detectable periodic modulation of the power of a stream | 
for general conditions under which the detector may receive streams of radiation from 
surroundings at different temperatures and thermal equilibrium is not necessarily established. 
The modification necessary when the spectral frequency-distribution differs from that of | 
full black-body radiation is also presented. 

Limiting factors other than radiation fluctuations are not discussed. 


StS IN TRODU C LION 


ONSIDERATION of the fluctuations of radiation in a defined volume has 
played an important part in the history of the theory of radiation. It was | 
shown by Einstein (1909) that the fluctuations could be represented as 
the sum of two terms, one which would be accounted for by classical wave- | 
theory and the other having no interpretation on this theory but representing | 
exactly the fluctuations expected on an extreme light-quantum view in which the | 
quanta are assumed to behave as “‘classical”’ particles (e.g. Fowler, 1936, p. 765). |} 
It is known, however, that an attempt to relate Planck’s radiation law to such | 
a view of a light-quantum or photon “gas” fails (e.g. Born, 1935, p.215). The |} 
discrepancy has been traced to unwarranted assumptions such as the identity i 
of individual quanta in the application of statistics, and when statistics omitting |} 
such assumptions are applied (Einstein—Bose statistics) to the photon gas, agree- || 
ment with Planck’s formula is achieved (see Born, loc. cit. p. 223). Moreover, | 
deducing the fluctuations of radiation in a defined volume by applying Einstein— |] 
Bose statistics to a photon gas, the correct relation established by Einstein (1909) || 
is obtained (Firth, 1928; Fowler, loc. cit. p. 765). | 
It may therefore be assumed that full reliance may be placed on deductions | 
of fluctuations in streams of radiation made by applying correct statistics to 
radiation treated as a photon gas. 
It appears that although so much attention has been focused on radiation 
fluctuations, an explicit expression directly applicable to fluctuations limiting 
radiation pyrometry has not previously been published. It is the aim of this 
paper to set the theoretical knowledge of radiation fluctuations in the form most 


suited to the applied science of electronics by which such fluctuations mav be 
observed. 


Fluctuations in streams of thermal radiation a5 


In the field of electronics there is much experience of fluctuations or “ noise” 
and the relevant theory is well developed; it will therefore be convenient to 
draw a parallel with the theory of the shot effect in presenting the results. 

A radiation pyrometer may consist of a small thermal detecting element on to 
which the radiation is focused from a mirror. The equilibrium temperature 
of the detector will be determined by the balancing of the streams of radiation 
| from the source via the mirror and from other surroundings against the heat 
| conducted by the supports. It is assumed that the detector is vacuum mounted. 
Fluctuations of the detector temperature will arise from the fluctuations of the 
heat flow along these paths. 
| In critical comment it may be noted that as usual in practical considerations 
| of fluctuations the assumption is being made that the whole apparatus may be 
| divided into two parts. Discussion of fluctuations is related to one part while the 
other is assumed to obey the ordinary laws of large scale continuous physics 
(Fowler, loc. cit..p. 788), Here the division is being made at the boundary of the 
‘thermal detecting element. In practice it will almost inevitably be necessary to 
i take account of fluctuations of voltage or current flow in the element, and also in 
the amplifier system used for detection. It is therefore desirable to present the 

results of this consideration of radiation fluctuations in such a form that these 
other fluctuations arising in the observing system may readily be incorporated. 

To narrow the problem to determining the fluctuations of a stream of radiation, 
suppose the detector is idealized as an infinitesimal speck of matter enclosed in a 
small hollow sphere of volume v with diffusing perfectly reflecting internal walls in 
which there is a very small aperture of areaa. The detector is thus an ideal black 
body of surface area a with a thermal capacity which is that of the enclosed 
radiation. 


§2. FLUCTUATIONS IN A DEFINED VOLUME 


The fluctuation of radiation energy in such an enclosure but without the speck 
of matter was the problem studied by Einstein in 1909. Writing 7 as the radiation 
energy of frequency v to v+dyv in v, at any given instant 7 will differ from the mean 
no by a small quantity « so that 7 =) +«. 

It is necessary to assume that v>A* so that the energy is statistically signifi- 
cant, where A is the wave-length corresponding to v. 

Using the general statistical relations between entropy and probability, and 
determining the entropy of radiation over a frequency range v to v+dy from 
Planck’s radiation formula, Einstein arrived at the result 


Pe 2 
70 (1) 


po pebecenes/.08 
=n hvt+ oat a ie en eS oo 


Regarding the radiation as a light-quantum gas and writing n=number of 
‘quanta in volume v, we have : 
nNo=nhyv, eco) cecuic (2) 


so the first term of equation (1) is m(hv)?. ‘This 1s the fluctuation to be expected 
on the basis of classical statistics, but it is known that such statistics are not applic- 
able to light-quanta in this way and Einstein—Bose statistics should be used instead. 


S=2 


| 
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From the theory of fluctuations in Einstein—Bose statistics, it is known that 

where in classical statistics the mean-square fluctuation of the number of particle 

An? =n, in the Einstein—Bose statistics the mean-square fluctuation | 
n2 


Ants we (3) 


where N is the total number of independent cells which can be occupied by the} 
particles, in this case the total number of independent standing wave vibrations in 
volume v. 

This number is known from fundamental electro-magnetic wave theory (see 
e.g. Roberts, 1928, p. 398) to be 


Sav2dv 
COUR 
so we have 
= n*(hv)*c? 1 
ane Noe had Bids 8 
e? = (hv)?An? = (from eqn. (3)) (hv)? + Sade. te see (4) 


which by equation (2) may be seen to be identical with equation (1). 
Noting that from Planck’s radiation formula 


8rv?dv hv 
| No= as eR 03 "eee (5) 
the second term of equation (1) may be recast as 
nohv 
peer 


the relative magnitude of the two terms may be appreciated by rewriting equation | 
(1) as | 


is 1 
Fa nghy| 1 + mr | areueterere (6) 


The second term is relatively large only when hv<kT, in which limit the}} 
expression tends to <2=7 kT. 


§3. INTEGRATION OF FLUCTUATIONS 
OVER THE SPECTRUM 


It is of interest to follow out the integration of ¢? over all values of v, because in| 
practice it may be desired to appreciate the effect of absorption bands in parts of 
the spectrum. 

By substituting the value of 9 given by equation (5) in equation (6) we obtain|} 
Be 8rv2dv (hv)2e@lkr 

C8 (eet — iy oe!” a) ge VP nee (7) 


Writing = hv/kT, equation (7) prsive 


B= (RT =F can, . dé. 


The total energy fluctuation is 


5 o7U 
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i The function 5 is shown in figure 1, 
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Figure 1. 


The last term occurs in the integration of Planck’s formula to relate it to Stefan’s 
Law (see Wilson, 1944, p. 84), and since 


eet 


(2rkT)P 
eh? °~ 


! 


‘we have 


AE2= 


4oT? 
From standard works (e.g. Roberts, 1928, p. 369) we have Ey= where 


Qer® Bt 
o=Stefan’s constant= am from the integration of Planck’s formula, and 


Er is the energy density of full black-body radiation of temperature T. 
Equation (8) becomes, on substituting, 


(Nis SI Ss ee ne (9) 
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a relation which may be obtained directly from the general relation 
dE 


APS (10) 


(Fowler, loc. cit., equation 2156, p. 764), noting that 
dEp l6c Ts 4En 


It may be of interest to note that if the second term of equation (1) were | 
omitted we should have obtained instead of equation (9) AZ,?=3-83EpkTv, 
and as already noted, the contribution of the second term is mainly in the low | 
frequency or long wave-length region. 


$4. FLUCTUATIONS OF RADIATION ENERGY 
CROSSING AN AREA 

Regarding radiation as a light-quantum gas consisting of quanta of energy hv || 

moving in all directiors with velocity c, then the number crossing an area a per | 

second would be },ca where n, is the number per unit volume. Applying | 

Einstein-Bose statistics, the mean-square fluctuation AE* of the radiation | 

of frequency v crossing an area a would be 


kn, ca(hv)® E : |. 


Noting that 7)>=n,hvv, this may be written. 


yas esa 1 
AF?, r Aa nohv [1 ae eek ‘| 


e* per second (from equation (6)). ...... (11) 


The total energy fluctuation may be obtained by integrating (11) over all 
frequencies. By comparison with equation (8) this may be written down at once as 


AE, ie ca (27kT)* 


Z [5eans 0 «by equation (9)=EpkTca. ...... (12) 


§5. TIME VARIATION OF FLUCTUATIONS IN A 
RADIATION STREAM 


¥ Equation (12) is a relation closely parallel with the basic idea of the shot-effect 
fluctuations of the saturation current in a thermionic diode. _ If \ is the mean rate 
of arrival of electrons at the anode, the mean-square fluctuation of the charge 


reaching the anode per second is g?=e2A where e is the electronic charge. But 
eA=I,, the mean current, so that 


G=elp. 


In practical considerations of shot noise in circuits it is convenient to use a 
related equation 


ip =2el Af > 


where 7,” is the mean square current fluctuation over the frequency range f to 
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SA+f. The transition from equation (13) to equation (14) has been established 
by a necessarily elaborate mathematical argument, and it may be taken over for 
the thermal case. When applied to equation (12) we obtain 


A AW?2,= 2kTEpeadf 


where W, is the rate of flow of energy or power crossing a. 
It is to be understood that this may be applied to determine the frequency 
_spectrum of the fluctuations generated in a body exposed to this stream of radiation. 
Moreover, if the body is black and at temperature T and therefore radiating 
-an equivalent stream to balance the received radiation, then the effective mean 
square fluctuation of energy flow from the body over the frequency range Af is 
doubled, viz., 


MWe ARTE Cali) 2 ee enka (16) 
or, since Epc=4o07"%, where o=Stefan’s constant, 

AW? = l6ckT*adf 
or VAW2,=4T°VaRTAF, eee (17) 


a relation <stablished by Daunt (1945)* for the minimum power detectable as a 
sinusoidal variation of frequency f by ar isolated body connected to its surround- 
ings only by radiation. 
§6. RADIATION FLUCTUATIONS IN PRACTICE 

The above argument by which this relation has been reached indicates how this 
“minimum detectable power may be determined when the detector receives 
streams of energy from surroundings at differing temperatures and thermal 
equilibrium is not necessarily assumed. Using equation (15) for each stream, 
the total mean-square fluctuation may be determined by summing these contri- 
butions for all the streams. 

It may be noted that in terms of o equation (15) becomes 


AWip=8ckTGAf. hes (18) 


An object at temperature 7 subtending a small solid angle « in a direction making 
an angle 6 with the normal to the plane of a will contribute a term 


WD = aaa, ee or (19) 
The magnitude of this contribution may be assessed, taking ¢=5:65 x 10° 
erg. cm-? sec-! deg-*, R=1-38 x 107" erg. deg-*, a=1mm., Af=Veysseand 
writing 7,=290°K., we have 
AW? ,, =0-97 x 10-4 a cos 6(T,/Ty)® watt?. 
The minimum detectable power as defined by Daunt (1945) will be 


"SW. oath ae ae g (es) Wi ewate 
fe mronsina of) Zam} 


where the summation is carried out over all objects in view, and T is the temper- 
ature of the detector. This assumes that the detector and all objects are perfectly 
* Also independently by Milatz (1943). 
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black. Modifications for grey and reflecting objects will be obvious, but 1t may be} 
noted that if the object reflects radiation back to the detector, neither the outgoing’ |) 
nor the reflected stream contributes to the fluctuations if the distance of the| i 
reflector is <c/Af. 
It may be noted for comparison that the total radiation crossing a, namely 
oaT,t=4 x 10-4 watts, while for T = Ty from equation (17) the minimum detectable 
power for Af=1c./s. is 2-46 x 10-! watts. On the view presented in this paper,| 
this minimum detectable power is determined by the statistical variation in the} 
number of quanta crossing a per second. ‘The average energy of the quanta is| 
about 4Rk7 and the number n, crossing a per second is about 1016. ‘The fluctuation} 
of the number is about \/ 12108, so the minimum detectable power is about 10-8] 
of the total flow of energy in this example. | | 
If the radiation in any stream is not full but the spectral distribution is known }}f 

to ve f(v)E (where E represents the spectral distribution for full black-body radi-) 
ation) the resultant fluctuations may be calculated by the following relation | 
(from equations (7), (11), (15) and (19)): é | 
4(kT,)° v/RT,)teer™ hdv | 


eT ; "(Rh 
Ee ~(eRE, eA, RT, vfny8 coctohes 


In this expression the integral is a numerical term which, if f(v)=1, we have 
seen is 474/15; it must not, however, be assumed that its value is independent of | 
T, (for in practice f(v) cannot in general be expressed as a function of v/7}). 
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REFLECTING MICROSCOPES 
By Cok bURCH, ICRiS; 
University of Bristol 


MS. received 5 March 1946 ; in revised form 16 September 1946 


ee TRACT. The history of reflecting microscopes is reviewed, and the leading 
Schwarzschild design formulae quoted. ‘Two reflecting objectives are described, and 
photomicrographs taken with one of these are reproduced. 


§1. HISTORICAL INTRODUCTION 


EFLECTING microscopes are almost as old as reflecting telescopes, for it was 
early realized that if the light be sent backwards through a telescope ob- 
jective, it becomes a microscope objective, albeit of inconveniently great 

| focal length. Newton made a reflecting microscope objective consisting of an ellip- 

{ soidal mirror anda diagonal flat ; atwo-mirror objective more akin to the Cassegrain 

) type is described in Smith’s Complete System of Optics (1738). These 

) “compound reflecting engiscopes’’—as such microscopes were called—were not 

¢ aplanatic, so that although they could give good images at the low numerical 

aperture of 0-05—0-1 (which for many years satisfied astronomers in their 
¢ corresponding telescope objectives) they gave seriously comatic off-axis images 

) when the N.A. was raised. Further, a large fraction of the N.A. was necessarily 

] obstructed by the shadow of the second mirror : this could in certain circumstances 

i lead to undesirable effects such as a spurious doubling of the number of lines in the 

image of a grating. Finally, no satisfactory technique had been developed, either 

(for making or testing the required aspheric surfaces. Accordingly, reflecting 

| micro-objectives passed into oblivion. However, in 1905, Schwarzschild gave 

) the analytical solution of the problem of designing an aplanatic (i.e. spherically 

) corrected and coma-free) two-mirror telescope objective. Algebraically this is 

of course also the solution of the problem of the two-mirror micro-objective when 

| used at infinite or very great tube length, though the range of numerical values of 
Schwarzschild’s two design parameters m, ¢«, corresponding to practical designs 
of micro-objective, differs from that corresponding to practical designs of telescope 
objective. Schwarzschild’s classic memoir seems to have attracted relatively little 
attention, for in 1922 the problem of the two-mirror aplanat was attacked indepen- 
dently by Chrétien, at the instigation of G. W. Ritchey, who had been struck by 
the fact that the 60’’ telescope at Mount Wilson was more nearly aplanatic when 
used as a Cassegrain than as a Newtonian. ‘He suspected,” writes Chrétien, 
‘that the introduction of the hyperbolic mirror produced a kind of compensation 
of the aberration of the parabolic mirror: he asked me to study this system 
theoretically, and in particular, to enquire if it was not possible to improve the 
imaging properties further by freely forsaking the parabolic and hyperbolic shapes 
previously given to mirrors.” 
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One of the first to take up afresh the study of reflecting microscopes seems tq| 
have been D. D. Maksutov, who, in U.S.S.R. patent No. 40859 (1932), mentions 
the use of the sphere-cardioid aplanatic pair as a micro-objective, and shows ani 
extremely ingenious ‘“‘solid”’ reflecting objective in which the same air-glass 
surface, after acting as “first mirror” by total internal reflection, lets out the image}f 
formed by the second (silvered) surface at normal incidence. His work does 
not appeai to have been suggested by that of Schwarzschild or Chrétien, whose 
general formulae are not quoted. 

More recently he has designed reflecting objectives composed of two spherical 
mirrors with one or more relatively weak lenses on the image side. Photo- 
micrographs taken in U.V. with one of these objectives have been published byilf 
E. M. Brumberg-and others. The combination of reflection and refraction has 
been exploited in a different way by B. K. Johnson, who has published U.V. 
photomicrographs taken with a reflecting objective analogous to the Mangin} 
mirror, while E. H. Linfoot has combined more reflection with less refraction in| 
two reflecting objectives of Schmidt type, which he showed at the Physical] 
Society’s exhibition in 1939. 


§2. SCHWARZSCHILD APLANATS 

Consider the reflecting objective shown in figure 1, consisting of a concave} 
mirror of paraxial radius p and a convex of radius R separated by a distance e, 
the unit of length being the focal length of the combination. Parallel light is. 
imaged at distance m from the pole of the p-mirtor. p, R, ¢, m are all positive in. 
the diagram. Schwarzschild showed that the shapes of the two mirrors may be so 
defined that the system is spherically corrected and satisfies the sine condition, and 
he solved the resulting differential equations in finite form, obtaining for the 
p-muirror the equation 


where 


and r is the length of a ray leaving the object-point at angle w to its incidence-point 
on the p-mirror. 


The incidence point of this ray on the second mirror may conveniently be 
expressed in Cartesian coordinates : 


-(-9/— — i | o 


y=20(1-2)=sinu.. 


The incidence angle 7’ of this ray on the first (p) mirror is given by 


eA ceteae i) fai 
tani’ = pene fe seaaees (4) 


Equations (1) to (4) define the aplanat in terms of m and «, so that we have tor 
choose numerical values for these parameters. 
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I do not propose to discuss the design-problem exhaustively, but shall give, for 

he convenience of those wishing to work on these objectives, the principal approxi- 
aate formulae with which the designer will find himself concerned. We may be 
afluenced by the coefficient of astigmatism or that of field curvature or by the 


Figure 1. Schwarzschild aplanat. 


bstruction ratio or by manufacturing considerations. Schwarzschild showed 
1at the astigmatic interfocal distance which would be needed in object-space to 
ive parallel rays at (small) angle @ to the axis in image-space is 


a—e 


(ald i Bc De 


Pe = De see (5) 


. 2-e : 
\at 1S, eee times the “thin lens”? value. He showed also that the surface 


idway between the focal lines will be curved 


(m—1)?+«(1—e) f 
ae, Prercm BR ae (6) 


vay from the Gaussian image plane. 
The fraction of the N.A. shadowed out by the R-mirror is approximately 


1) nd 
Gilat cye ee ace 7 
m—e 2 (7) 
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whichever is less than unity. (In the latter case the light must first pass through} 
a hole in the R-mirror), ‘This approximation contains no unused margin allow} 
ance, and is a little over optimistic when the N.A. is not small. 

For ease of manufacture we would prefer one mirror to be spherical if this ig} 
permissible. Accordingly we seek series approximations to equations (1) and (3)| i 
Schwarzschild gives for the p-mirror the Cartesian series 


l—m ye [((l—m)? (l-m) 1) 94 


4m € € 


1—m\?3 1—m\?_._ 2/l—m T+e] 48 
2 aay fem ee cE ee Gel tee 8 
+| 2( € ) 2/ € y+2/ € ) oe los ee (8) 


If we disregard terms above y*, the ‘‘non-elliptic”’ part of this is 


—m[l+e € ax 
= ———| —— + ———_ |(=]}, ...... 2) 
Prx(*) ae ee | (2) . ®) 


while the remainder is an ellipse of paraxial radius 


2me 


Op ee a 


and of eccentricity e’ given by 


Lam pee 2e* 1 /p\3 
2 —— SE SNES ae HV esha (as 
; - (=) Sean ser Oy -(4) sg ee eee (11) 


where é ' js the eccentricity of that ellipse whose foci are the object-point and 
paraxial intermediate image-point. 


l—m 1 om a 
A=m—e ; Be ; (Os rae ee 
tee (12) 
ee ee 1+4e ae 1 2+11e+306c? Mm. 
~ 960 (eb Ae eI 6 0 ” 4e 
This is approximately an ellipse of paraxial radius 
2e 
Ke pt. ee ee eee (13) 
and of eccentricity e given by 
oe 2e*m 1 
= 1 i= ee ee (14) 
The non-elliptic part of the sixth power coefficient is 
AGE! 2 
Pyx(D) = D— “pr | A eee (15) 


Let us summarize the main design-restrictions which these formulae imply. 
For greatest ease of manufacture we equate e’ and e simultaneously to zero. 


This gives ¢=2, so that the system is anastigmatic, and m= 24+V75, p=1+v5 4% 
R=V5-1, a monocentric objective. The price that we must pay for having 
: 
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zero first coefficient of asphericity on both mirrors—so that they may be spherical 
ap to N.A. approaching 0-5—is the high intrinsic obstruction ratio, 1/5. 
[f we wish to retain anastigmatism, we must set « =2, and, except in the case just 
zonsidered, e’ and e both differ from zero for every value of m, so that both mirrors 
nust be aspherized. If we are prepared to give up exact anastigmatism, and be 


F ; APE , (m—1)% 
content with aplanatism only, we may set e zero, givin es Cees and select 
p yi J giving nie 


1 ee 
mM SO as to give as small an obstruction ratio, Te? 28 we please. This gives an 
1—e 


aplanat in which—provided terms involving the sixth power of the N.A. may be 
neglected--the R-mirror may be spherical. Alternatively we can set e’ zero, 
out this leads to a higher astigmatic coefficient for a given obstruction ratio. 
[ show in a separate paper that when the design is optimized, the R-mirror may be 
spherical in an objective of small obstruction ratio, up to 0-65 N.A. If we ask— 
may the R-mirror ever be exactly spherical, up to N.A. unity, the answer is yes, 
provided «=4$, m=2. ‘The Schwarzschild concave curve then becomes a 
cardioid, and the combination is the well-known sphere-cardioid pair used in 
aplanatic dark-ground condensers, usually in approximation as two spheres. 


§3. EXPERIMENTAL 


I have made two “through-type ”’ reflecting objectives, which, though they are 
corrected for finite tube-lengths, may be regarded as approximating to Schwarz- 
schild aplanats having respectively p=4-31cm., R=0-85cm., m=8, «=4, 
f=0-75 cm.; N.A. -58, tube-length 32cm., magnification x47, and p=5cm., 
R=0-397 cm., m=20, «=13, f=0-3cm.; N.A. -65, tube-length 30cm., magnifica- 
tion x 100. To this objective I have added a normal-incidence oil-immersion lens, 
the surface of which is spherical and concentric with the axial object point. This 
raises the N.A. to 0-98, and the magnification to about 152, the magnification now 
being proportional to the refractive index of the lens. 

The first objective has both mirrors aspherized : the concave mirror was first 
aspherized so as to annul spherical aberration for a certain arbitrarily chosen 
separation between the mirrors and object position, after which the convex mirror 
was moved axially with respect to the concave so as to annul off-axis coma (the 
final image position being unchanged). ‘The spherical aberration re-introduced 
by this change was then annulled by aspherizing the convex mirror. This pro- 
cedure produces a sufficient approximation to aplanatism: a more elaborate 
procedure would be needed for N.A.>0-7. . 

Local figuring was needed to restore revolution symmetry lost during aspheriz- 
ing, and the residual error is of ‘‘ cobbled pavement ”’ type, of the order of 4 fringe 
by double transmission. The leading off-axis error for image points 1 cm. off-axis 
is a fraction of a fringe of astigmatism. 

The second objective has a nominally spherical convex mirror, the spacing 
between the mirrors being adjusted to give the best compromise between high- 
order and Seidel coma ; the leading error for image points }cm. off-axis consists 
of a fraction of a fringe of compromise—comatic retardation of the edge of the 
wave-front remote from the axis : for image points 1 cm. off-axis the leading error 
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is astigmatism. This objective also has a small fraction of a fringe of “ cobble 
pavement”’ error. 

I find it advisable, with both objectives, to stop out, inthe substage condense 
that part of the N.A. which is obstructed in the objective. If this is not done, thi 
contrast is poor when the substage N.A. is reduced, as is to be expected, for if thi 
substage N.A. is reduced until only the cone obstructed by the objective is supplieg 
the conditions are those of ‘‘patch-stop dark-ground illumination” and blac 
objects are seen bright on a black ground. [If a dark-ground effect is desired, 
find it better to use a standard dark-ground illuminator supplying a cone lyin; 
outside that used by the objective, as the diffraction rings surrounding images ar 
then much less prominent. ] 

- The visual performance of both objectives used with full substage aperture o 
stained specimens seems comparable in contrast and resolving power with that o 
refracting objectives of equal N.A. 

Some idea of the photographic performance may be obtained from figures 2-6}] 
which are reproduced from enlargements made by Mr. H. Busby of films taken b 
Dr. G. P. Occhialini with the second objective. For their kindly interest andj} 
enthusiastic co-operation I record my grateful thanks. 

Figures 2 and 3, taken without the oil immersion component, show “‘ thorium} 
stars’? x 1140, and treponema pallida, silver-stained by Levaditi’s method 
x 950, 0-65 N.A. ; 0-65 substage N.A. 

Figures 4, 5 and 6 were taken with oil immersion : figure 4 shows part of the 
long chromosome of Drosophila, x 1420, -98 N.A., -45 substage N.A. ; figure 5H] 
shows treponema pallida, Levaditi stained, x 2230, and figure 6 gonococci in pug 
cells, stained with methylene blue, x 2230, 0-98 N.A., 0-98 substage N.A. Thel 
light source in all cases was a half-watt projector lamp, diffused by ground.glass 
with a green filter. No eyepiece was used, the film being placed at the primary 
image. 
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Figure 4. 


Figure 5. Figure 6. 
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BSTRACT. Numerical values are derived for the offence against the sine condition of 
flecting micro-objectives composed of one aspheric concave mirror and one spherical 
mvex mirror. Numerical apertures up to 0-65 are found practicable. 


the sine condition (““OSC’’) of ‘‘semi-aplanat”’ reflecting microscope 


a3 


1H E purpose of this paper is to derive numerical values for the offence against 


objectives composed of an aspheric concave ‘‘ primary” mirror and a 


¢ 


‘secondary’, placed so as to form rhe final image at infinite 


yherical convex 
r very great tube length. 


Q 


Semi-aplanat reflecting micro-objective. 


Such an objective is shown in the figure. We suppose that the concave mirror 
figured so that the final image is free from spherical aberration. Then the 
ath length VQTS, from the object-point V to a point 5 on a plane through 
.e pole of the convex mirror, is independent of the position of the incidence- 
pint, Q, on the concave mirror., Further, if 7 be the radius of the convex murror, 
the angle of the intermediate ray, LP=q, PV=f, e the eccentricity and 
the semi-major axis of the ellipse of which Q is a point and U and V foci, we 


ave (see figure) 
VOUS=6+26, 0° qq q}q9 £8 — — — steers (1) 


48 C.K. Burch 


, 6 ; ; 
5(2—see 5 )= PU, ee: (2)|] 
Oe 3 
7 COS 5 = NO, ee Fi (3) Ih 
pee jee = VU=aeie- — © eee (4) 
2 2 : 
and 
B+2a— 5| 2-2¢0s : —sec ; | =VL+LP—PU+NO, =8+2«—-—ST4+TU 
: =VQ+QU=2¢, 7 eee (5) 
Hence 
Ne Y 
p- Al — secs . a 
e= Er preety ys cee ete ( } 
B+2a— 3[ 2-260 z —sec 4 
From the geometry of the ellipse, 
6 6 
2(1 —e?) cos 3 sin 3 
sing = Pere i (7) | 
(1+e)?—4e sin? 5 
The height of the parallel ray imaged at angle ¢ is 
“ Q R 
rita "ee eee (8) 
Set 
é 
(1 —e?) cos 5 
KO = ee ee er (9) 


6 
(1 +e)? —4esin® 5 


Then the offence against the sine condition is 


Sin dideat — SiN pactuar _ K(0) — K(9) 
OSC = eee eee ieee 10 
Sin ¢ ideal K(0) oO 
Substituting for e from (6) we can expand K(0) as a power series in 6? wit 
leading terms 


a 1—e, 0 ¢ e*)—6e,+1 Te, 
erie: 1 < eemmet este (11) 
1 oe 2G a 5) 
so that if the 6? coefficient of K(6) is to be zero—i.e. if the objective is to have 
zero Seidel coefficient of coma—we must have 

Bol eo(1 +64)? | 
7° 2" (126) Sacer al ee ee 
We would like to have B71, so as to have a negligible fraction of the N.A. 
obstructed by the shadow of the convex mirror. Consider therefore first the 
limiting case B/r= 0c, which implies e =o, =(1+¢,2)/6,=3 —2V/2="1718.. HI 
The magnification of the intermediate image, (1 — ey)/(1 + e9), then becomes 1/2. 
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K(@) now becomes 


pay 1 (: 6! ) 
Sea = FRACS a Ur OO hoy) Lae ese 
va(1 —}sin? 3) VeNe pe 


50 that if we set the OSC tolerance at 1/400 and neglect higher terms, we must 

imit § to roughly 1/2 radian, and the NA (sing) to about 1/2. We can reduce 

the maximum OSC by a re-choice of ¢, provided we do not demand that the 

?-coeflicient of OSC be zero. When B/r= co, we have for any & 
6 

Leon Se 

1+e, 4e,, 


~ (148)? 


30 that we should choose e so as to make 1— 


K(G)= F 
wp 
465 
(1+)? 
closely as possible. Let us make the imitation exact at 9=60°; then we must 
set €y="1896..., and the imitation is found to be correct to about 1:1 parts in 
100 up to @=60°, for which sin ¢ ="6812, which is also the value of (1 —eg)/(1+ 9), 
che magnification of the intermediate image. This suggested that a useful 
ipproximation to optimal design for N.A. 0°65 or so might be obtained when 
3/r is finite by a corresponding increase in eg—say, a 10% increase—over the 
value given by (12). Three values of e) were accordingly chosen in this way 
or the three values 5°75, 3°50 and 2°75 of B/r and the OSC was computed for 
2 number of values of @ by means of (6), (9), and (10). The results, together 


with the obstructed fraction of the N.A., ice. Me oh and the associated 
— &o 


a? ——— sin? 


LU thes 
sin? = imitate cos = as 
2 2 


ralues of «/r, are given in table 1. 


Table 1 
6 sin ¢ OSC sin ¢ OSC sin ¢ OSC sin ¢ OSC 
10 0:1188 | 0:27 x 10-3]| 0:-1163 | 0-23 x 10-8] 0-1138 | 0-22 x 10-3] 0-1114 | 0-21 x 10-3 
20 0-2368 0-99 0:2317 0-88 0-2269 0-82 02222 0-81 
30 0-3533 1-90 0-3457 1:68 . || 0°3385 1:61. || 0:3314 1-63 
40 0:-4617 2°55 0-4571 2:40 0:4476 2:29 0:4383 2:39 
50 0:5771 2-26 0:5647 2:19 0°5531 2°33 0:5417 2-70 
55 0-6300 1-46 0-6166 1-62 0-5904 1:92 0 5917 2:50 
60 0-6812 00 0:6670| ~° 0:44 0-6540 0-66 0-6405 1:94 
65 0:7304 | —2-21 0:7154| —1-37 0-7014 0-34 0:6875 0-91 
70 0:7771 —5-47 0:7617 —4-04 0:7471 —2:-71 0:7328 | —0-68 
0 0-1896 0-20 0-21 0-2201 
B |r inf 5°75 3°50 2°75 
alr inf 10-0 5-143 3-486 
1 1 1 

ruction| 0-0 7666 Ais7 3°5 


These objectives should therefore be reasonably coma-free up to 0°65 N.A. 
t is fortunate that the sign of the OSC is such that it can be corrected by a 
uitable turn-down of the edge of the convex mirror, together with a corresponding 
eduction of asphericity of the concave. 
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DHE HEATING OR COOLING OF A SOLID 
SPHERE IN A WELL-STIRRED FLUID 
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ABSTRACT. A solid sphere of uniform initial temperature is heated or cooled in 
finite mass of fluid, well stirred and externally insulated. ‘Temperature continuity 
assumed at the surface. Solutions are presented suitable for all values of time, radivj 
and conductivity, and of the ratio of heat capacities of sphere and fluid. Numeriei 
results are given, and certain mathematical relations noted. 


§1. SERIES SOLUTION 
A SOLID sphere of radius a, diffusivity x, heat capacity c, and temperature zer 


is plunged at time ¢= 0 into a mass of fluid of heat capacity c, at temperatu 

Ty. ‘The surface temperature of the sphere is assumed equal at all subse 

quent times to that of the fluid, which is so well stirred or of such high conductivi : 

that its temperature is always uniform throughout. The outer boundary of thi 

fluid is impervious to heat. | 

Then the temperature 7 at a distance RK from the centre of the sphere 
determined by 


7) 
=(RT)= = 5(RD), R<a, t>0, | 
C=O eh get 0) | i} 
T=T', R=a i20-. “ (1) i] 
ME Ro 
3KeyOT * aT” 
PE Mp Fie 


tne T’(t) is the temperature of the fluid. 
For convenience, let R/a=r, «t/a’= 7, RT/aT, =u, T’/T,=u'; also Cy /cg = ul 
Then the equations are 


Ola o: =U, T= 
Pe art r<1,-7>0, Ne Le aa 
i “u=ti, 7=0, } 

u=0, 21, 720, u=0, r=0, allz, RR 4) |) 

OU uN au, 
swo(S -#) 4S =o, th ae), 
If p= —s* is the Heaviside operator 0/07, these equations transform into 

ea 
Aye = SU u=0,. r=0, | 


0 
sw (Ft - *)—s*u-1)=0, r=1. | 
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The solution is readily found to be 


s*sinrs 
= Ce Ginc =: Ga EaC on Serr (4) 
= f(s) /F(s), say. 
The poles s, of wu are the roots of 
scots=1+57/3w, Perri) 


ind apart from a simple pole at zero consist of real and distinct pairs, positive and 
negative. ‘lhe solution (4) therefore transforms into 


fis) 2% _fls,) 
SSO uae Ca 


ie 
Sn , 


SESINT Sy e— sar 
1 sins, 3(w+1)+s2/3w 


lf 
dence “= —— 
w+il 


where s, 1s the nth positive non-zero root of (5). The corresponding fluid 
emperature 1s 


ice) erst 


1 2 
u =(u),1= ea we 3(w + 1)+s2/3w eeoeee (7) 


ni 


The above formal solution can be justified by verifying that (6) and (7) do in 
act satisfy (2). 

When 7= ©, u=u'r=r/(w+1), as is required.. The fraction F of the final 
yeat transfer which has taken place by time ¢ is therefore 


hey 
F= Tea) Mie | ery pore (8) 
chat is 
2 2 — sir 
ey ee aang, ©, HA |e eit (9) 


3w 7 1+s? /9w(1 + w)’ 
(5), (6) and (7) correspond, for the present condition of uniform initial tem- 
erature, to the general series solution given by Peddie (1901). When the fluid 
qas infinite heat capacity, that is, when the surface temperature of the sphere 


$ maintained at 75, they reduce to 
sin amr 


Dee 2772, 
wart > DG Wea hae i 2S eRe (10) 


1 


which is a familiar case. (9) then becomes 


6 2 —W nr 
eles = Seas I a hae (11) 


The nth root s, of (5) can be seen from a graph of the functions tans and 


:/(1 + s?/3z) to lie between mz and (n+ 3). For n<(V 3w/7)—3, s, approaches 
n+ 4)m as n is increased, thereafter returning towards nz ; ARIS if zw is small, 


s, approaches nz from the outset. s, can be calculated without difficulty by 


\ 4-2 
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successive approximation. If m/w is sufficiently large, the following expan) 
i| 


| 


is also useful: 
3w = 9w(w+2) 


Ss a) ne ase) cetetetetees 


The first three roots, which are more than we shall require, are presented in 
table 1 for a wide range of w. 


Table 1. The first three positive roots of scots=1+s?/3w 


w Sy Sp Ss w Sy So Ss 
ior) 4-712 7-854 10-996 5-0 4-236 7-296 10-329 | 
1000 4-492 77122 10-899 2:0 3-972 6-938 9-940 | | 
500 4-490 7:720 10:895 1-0 3-726 6681 9-714 
400 4-487 T7119 10-893 0:5 3-506 6-502 9°576 | 
300 4-486 7:716 10-890 O-2 S512 6:376 9-487 |I) 
200 4-485 USGS 10-885 0-1 3-233 6-330 9-454 
100 4-479 7-702 10-866 0-05 3-188 6:307 9-439 | 
50 4-464 7-674 10-830 0-02 3-161 6-293 9-430] 
20 4-421 7-601 10-759 0-01 3°152 6-290 9-426 
10 4-352 7-490 10-573 DO |) Beil n 6-283 9-425 


The series in (6), (7), etc. no doubt always converge. The rapidity of conver4f} 
gence, however, varies markedly with 7. Thus in (7), if 7>1, the exponent 
— $27 increases numerically by a factor of at least (2n+ 1)z?, and the entire serieg{ 
is negligible, so that u=r/(w+1), u’=1/(w+1) and F=1, irrespective of w | 
but when 7<1, the speed of convergence falls off very quickly, at least two termd] 
being required for r=0°1, eleven for 7=0°01 and over one hundred for 7=0°0014} 
Since for certain purposes it may be necessary to consider values of 7 as low asj} 
say, 10-1, the series solution evidently cannot be regarded in practice as coveringl 
more than a fraction of the range. , 


§2. ALTERNATIVE SOLUTIONS 


We return to (4), substitute —gq? for s?, and expand in powers of e-%. This! 
gives 


¢ : 
tm a agg OH etn Oe tHE | (13) 
and 
g” ; : 
= ap aug awl tO Ne SOO Sie on eee (14) |} 
where 
ms gq — 3wq —3w 
Oem aeaegeate Cae (15) 


Since e~** transforms into 1—erf1/W7, we may expect that the bracketed} 
terms beyond the first two in (13) and the first in (14) will be negligible when] 
1—erf1/V7 is small, say <0°1% for r<0'1. Then (13) and (14) should bal 
suitable for calculation precisely in the range in which (6) and (7) are unsuitable, 
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In order to obtain an approximation for sufficiently small 7, we may expand 
g°/(q? + 3wq — 3w) in descending powers of g, and interpret operators of the type 
\q “e~4¢ in terms of Hartree’s repeated error function integrals (Hartree, 1936). 


Thus, if P=3w, 


aaa (=) ee es avaa/ayem, (LEX 
B= P7-P-%\5.- ~ POV, (=) +(P+ PIQV?) v,(-=7)—..., 


| where 

(x) =], 4 (Ede 
and 

. O,(x) =1—erfx. 


} When r=1, the terms in 1+, are relatively small, and the first approximation 
| to 2’ is . 


uw! =1—P.2V7/7+(P+ Pr... a rses (En) 


For sufficiently small wV7, say <10-?, these expansions are useful, particularly 
(16), whenr <1, but they do not cover the required range. We shall therefore 
i derive alternative expressions. 

i The terms in e~¢+"” from (13) transform into 


| | et7—AEMHy diy 

mt J yg (w—%) (4 —B)’ 
i respectively, where «, § are the roots of u2+ 3p —3w=0, and M isa path in the 
+u-plane from c«e~/4 to coe"/* passing a finite distance to the right of |«|and| 8]. 


i The terms therefore yield 


1 
um 


= el Bi-+(%.) — Fis e(#)] — BLBs-o(B) — Bit e(B) iy ve+ ee (18) 


Lee ia: , 
DOE | ee 


Mie ain, | 
= eal —erf (2 -xv7) | spiders (19) 


=r; Z =x), 


T 


where 
G(s)=e*(1 —erf2). 


(18) and (19) give a first approximation to u. It can be further simplified for 
particular ranges of r or w. ‘Thus, if 7 is small, (18) becomes 


2r_ fis 2 fork arom 
ues By( 1) — B*E\()-+ ee \ wine (20) 


é 
TT 
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The relative temperature u/r at the centre is obtained at once from (20) 
Again, if r is nearly 1, the first bracketed term in (13) will, for small 7, be larg 
compared with the aceon so that | 


a pleBi a) BEA. weet (21) ih 

A first approximation to the fluid temperature is obtained from the first ter 

of (13), or by setting r=1in (21). Thus 
B {ak o(a) =P (B)R 9 ae (22) \lf 
Finally, when w=0, | 
u a a E,+,(0) } | 


1+ 1—r | 
= rf —— £ ——=> 
: ae oe | ee (23) 
_ 3(qcosh q— sinh q) 
q’ sinh gq 
= ~3r+6V7n+12V720,(*-). Oe. (24) 
1 Vr We 


(23) and (24) correspond to (10) and (11). (24) converges very rapidly) 
indeed for r<0°1, giving F=6V7z]/7—3r to better than 1 in 30,000, while fom 
7=0'l two terms at most are required of the series in (11). | 

No matter how small 1—, is, short of being absolutely zero, the expressions}j, 
given by (18), (21) and (23) tend to zero with 7, as required. On the other hand 
(22), which is of course continuous with (21) for 7>0, tends to unity ast approaches 
zero. ‘The solutions thus correctly reproduce the required continuity for 7>@ 
and discontinuity atr=0. It is not the least advantage of the operational method,} 
as remarked by Jaeger (1945), that this is made possible in cases like the proses | 
without any special analytical device. 

It is of interest to confirm that the second term in (14) is in fact negligible, 
This term transforms into 


eh rudy 1) 
wt (4 —2)*(u— 8)?” il} 

We may resolve the 2 ae into partial fractions, and integrate the terms in} 
(u—a)* and (u—f)~* by parts. There results : 


12w 
+ pyr lab — a B)lar— IMEC) ~ [a8 + BX B)(Br— 11848) 


~(a—B)(a2-+ 62) Ne sf. ee (25) | | 


Let «=3(—3w+V9w*+ 12w) and B=}(—3w—V9w?+12w). Clearly 0<«<1 
and <0, Values of « and £ for a wide range of w are shown in table 2. If, then, 
7t<0°1, 1/Vr—a/7 and 1/Vr—BWVz are of the order of 3570r SUS Hence, 
using the asymptotic series for erf, we have 
E(x) eV Wa 1 V7 — a7), \ 
E(B)~e-M/Va(l/V7—BV 7). | 
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Table 2. The roots «, 8 of x2+3wx—3w=0 


w a B w a B 
1000 0:9997 —3001 5-00 0:9410 —15-94 
500 0-9993 —1501 2:00 0-8730 — 6:873 
400 5 0:9992 —1201 1:00 0-7913 — 3-791 
300 0-9989 — 901-0 0-50 0-6861 — 2-186 
200 0-9983 — 601-0 0-20 0-5307 — 1-131 
100 0:9967 — 301-0 0:10 0:4179 — 0:°7179 
50 0:9934 — 151-0 0-05 0:3195 — 0-4695 
20 0-9839 — 60-98 0-02 0:2168 — 0:2768 
10 0:9693 — 30:97 0-01 0:1583 — 00-1883 


Che factor e~" already guarantees that the term in E,(«) in (23) is negligible ; 
nd the same can at once be shown to be true of the remaining two terms in virtue 
}f the cancellation of the potentially large f°. 

Thus, for 7<0°1, w’ is given to a close approximation by (22), that is by 


1 = = 
uy! m — Binet" (1 +erfavr)— Be" (1+erfBV7)},  ...... (27) 


jind F follows from (8). 

By an argument precisely similar to the above, it can be shown that for r<0°1 
he terms in (13) beyond the first two are also negligible. So also, of course, is 
he second itself if r is near to 1. 


§3. NUMERICAL RESULTS 

wu’ and F have been computed for w=1000 to w=0 and r=10-¥ to 7=1. 
7) was used for r<0°1, and (7) forr=>0°1. A comparison between the two types 
f solution is thus provided att =0'1. It will be seen from table 3 that tne agree- 
nent is close, considering that only four-figure tables were used. The course of 
fis shown in figure 1. Here an additional check was made at w=0, 7=0°1 and 
01, (11) yielding F=0-7705, 0°3084 and (24) F=0°7705, 0°3085. Finally, 
is an illustration, the temperature field was calculated for w=1, r=10~4, 107°, 
.0-! by (18) and for 7=0:1, 1 by (6). Very close agreement was found at 7=0'1. 
The distribution is shown in figure 2. Except at the centre u/r rises temporarily 
ibove its final value. 


§4. APPENDIX 


Several interesting relations emerge from the above. ‘Thus, from (9), since 
h#+() as 70, 
Bh Aad 
Ly Se = ee eee te ce 28 
2) a Caer) En ve) 
, being the mth positive non-zero root of (5). %1/n?=7?/6 is of course a special 
ase, given by (11). 
Again, from (11) and (24), 


3 = 5! eet ae ge 12v7% »,(Z)}. 3. (29) 
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. Figure 1. Variation of F with 7 for various values of w. From left to right the curves 
cotrespond to w=1000, 500, 400, 300, 200, 100, 50, 20, 10, 5, 2, 1, 0°5, 0°2, 0. 
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Figure 2. Variation of u/r with y tor w=1 and various values of 7. 
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This yields, very closely, for 0<*<1, | 


a e0 M0 te 30) I 

2 6 a ee sie | : 

: | 
rd z wo (31) Mh 
me (nx) =F — LAjge A2. i 


By differentiating (29) and (30) with regard to x, or integrating from x to com 
a series of useful formulae can be derived. For example, | | 


Secmaa( fE—-1)+ [2B emew Aaaee (32) 
1 cs 4¢ NG | 


and ; : ; It 
0 p— Wa qr 72x 2 7 3/2 a D9. 35 (=) eam ae 4 
ne "O02 S6ar a ies hana EWAN) af oS 

the series terms on the right of (32) and (33) being negligible forO<w<1. (32) isif 

a particular case of “‘ Poisson’s Identity” 


REFERENCES 


Hartree, D. R., 1936. Mem. Manch. Lit. Phil. Soc., 80, 85. 
JAEGER, J. C., 1945. Proc. Camb. Phil. Soc., 41, 43. 
Peppig, W., 1901. Proc. Edin. Math. Soc., 19, 34. 


THE APPLICATION OF IONOSPHERIC DATA TO) 
RADIO COMMUNICATION PROBLEMS: PART III 


By Sir EDWARD APPLETON, F.R.S. anp W. J. G: BEYNON®| 
* Radio Division, National Physical Laboratory; now at — + | 
University College, Swansea 


MS. received 30 Fuly 1946 .t Read 15 November 1946 

\| 

ABSTRACT. Graphs are given from which may be estimated the maximum usable fre-| 
quency of radio waves reflected by an ionospheric layer in oblique incidence transmission. \| 
The curves based on the theory given in Part I of the paper are drawn for such ranges | 
of layer thickness and layer height as are met with in practice. The limitations in the i] 
accuracy and applicability of the theory in practice are briefly discussed. Attention is i} 
also drawn to the occurrence of abnormal transmission conditions under which long-distance | 
communication via the ionosphere is possible on frequencies exceeding the normally | 
predicted values. | 


i| 
} 
) 
j 


§1. INTRODUCTION 


N Part I of this paper (Appleton and Beynon, 1940) we described a method of | 
| estimating the frequency range of radio waves which are deviated back to the || 

ground when incident obliquely on the ionosphere, and which are, therefore, || 
suitable for communication over various distances. For this purpose formulae 


} Sections 1 to 7 of this paper were originally prepared in June 1942 and circulated at that time 
as a confidential paper by the Radio Research Board.—AUTHoRs. 


Radio communication problems: Part II 59: 


vere derived giving directly the value of the maximum usable frequency which is 
jeflected by a thick ionized layer surrounding a curved earth, the distribution of 
|lectronic density in the layer being taken as “ parabolic”’. In this continuation 
pf the paper we exhibit the somewhat complicated formulae previously obtained 
jor the maximum usable frequency in a graphical form, embodying a range of the 
ik elevant parameters which our practical experience suggests as adequate. Also, 

i ince the solution previously obtained involves certain approximations, we 
| jupplement its graphical expression by a discussion of the accuracy which can be 
| ttained in typical practical cases. Attention is also drawn to the manner in which 
he analysis can be expressed in the form of transmission curves suitable for the 
jlirect estimation of the maximum usable frequency from the vertical-incidence 
jelation between equivalent height of reflection and frequency. In the final 
jection of the paper we discuss the practical significance of abnormal E-layer 
/eflections in effecting long-distance transmission on frequencies exceeding the 
fiormally predicted values. 


§2. MAXIMUM USABLE FREQUENCY FACTORS 


In the theoretical treatment of Part I of this paper the characteristics of the 
leviating layer in the ionosphere were specified in terms of three quantities, viz. : 

(a) f°, the ordinary ray critical frequency of the ionized layer for waves 

incident normally on it; 

() ho, the height above promi of the lower edge of the layer; and 

(C) Vm, the vertical semi-thickness of the layer. 
Uhese quantities can be determined from the curve relating equivalent height h’ 
ind frequency f obtained by the usual method of vertical-incidence radio sounding. 
he ordinary ray critical frequency of the layer, f°, can be read off this curve by 
nspection, while the parameters hy and y,, can be determined from the same 
surve by the method described in the Appendix to Part I of this paper. 

Now one of the advantages of the solution previously given is that, by means 
f it, the relation between the oblique incidence critical frequency fmax {1.¢. the 
naximum usable frequency) and the vertical-incidence critical frequency f° can 


ye expressed as 
eee =i 11 loo Vino D), slelans aL) 


here D is the distance of transmission, and where the function x represents what 
bye may call the ‘‘ maximum usable frequency factor”’ (M.U.F. factor) by which the 
‘xperimentally determined quantity f° must be multiplied to give the required 
juantity fmax. ‘The special convenience of the use of (1) in practice arises from 
he fact that the variation of the function x throughout the hours of the day and 
he seasons of the year can be ascertained from the results of a preceding year (at 
ny rate for quiet ionospheric conditions), whereas the fairly substantial changes 
of f° from day to day (and even from hour to hour) are not at present predictable. 
_ The relation between the m.u.F. factor and the distance of transmission D 
‘or appropriate ranges of the parameters y,, and 4) may be exhibited in two series 
»f curves, samples of which are reproduced in small scale * in figures 1 and 2. 


* A complete set of larger scale graphs will be supplied to bona fide users on application to the 
Superintendent, Radio Division, National Physical Laboratory, Teddington, Middlesex. The 
opies supplied, unlike the reproductions in this paper, have a graticule. 
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In figure 1, two sample sets of curves show the relation between the M.U.3]# 
factor and D for different appropriate values of the height of maximum lay@} 
ionization (y,,+/g), the ratio y,,/4y) being constant and equal to 0 and 0-2 resped} 
tively. Probably a more convenient representation is that of figure 2, in which tH 
value of the m.u.F. factor is shown as a function of y,,/hy for different representatiy 
distances of transmission D and different values of (y,, + Ao). 

The wide range of information embodied in figures 1 and 2 should be noteg 
The complete set of curves covers a range of layer heights and thicknesses appr 
priate to the various ionospheric layers. ‘The limiting curves for layers of ze 
thickness are identical, as they should be, with those drawn for sharp boundar 
reflection. 


§3 SOME NOTES ON THE PRACTICAL DETERMINATION 
OF ym AND ho 
In the Appendix to Part I, a graphical method of determining y,, and hy fro 
(h’, f) vertical incidence data was described. Briefly, this method consists in th 
graphical determination of the parameters y,, and Ay in the equation representing; 
the relation between equivalent height h’ and frequency f, namely, 


| 


0 
h' =hy+ loge seen (2) 
Now practical use of this method has led us to note two points of importance in ity 
application. In the first place it often happens. that the experimental (h’, f) curv 
cannot be represented by (2) over the whole frequency range. In that case it 1 
necessary to choose the constants of the equation so that it represents closely thaj 
part of the (h’, f) curve which is most important for our purpose. Secondly, sine 
the theory as so far described relates only to the case of a single deviating layer 
it is necessary to consider the modifications necessary to allow for the influence o 
refraction in an ionized layer situated below that in which the waves are ultimatel 
reflected. ‘These two matters are considered in greater detail in sections (a) and 
(b) immediately below. 


| 
| 
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(a) The importance of the high-frequency portion of the vertical incidence (h', f) curva 

For a plane ionosphere, the equivalent path of waves of frequency f, inciden’ 
at an angle 7, can readily be expressed in terms of the equivalent path of a fred] 
quency fos incident normally (Martyn, 1935). Now in Part I of this paper itl 
was shown that a curved ionosphere behaves like a plane ionosphere if we assumd 
that the vertical-incidence critical frequency is reduced to : 


C2. 
0 ai Vn SOY 

Se Writes stim ate Unk 

(/ ty hee i) 

The equivalent vertical-incidence frequency in the curved ionosphere case, 

expressed as a fraction of the critical frequency, is therefore given approximately 
by 

feos ty 


aes ; Pa 
fo Se we CRY 
: (1 fol Ree i) 


x= 
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Actual calculations of maximum usable frequencies, using appropriate values 
Wty, and Ao, show that we are generally concerned with values of x, greater than 0-9. 
lence it is of great importance to determine y,, and hy from that part of the 
CO] 
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Figure 1. M.Uv.F. factor curves for a parabolic layer. 


vertical incidence (h’, f) curve which indicates approach to penetration (i.e.{the 
yarabolic formula should express the distribution of ionization with height near 
he level of maximum, (y,,+/)). For this purpose the equivalent heights should 
ye known accurately for frequencies between 0-9 f° and f°. 


‘62 Sir Edward Appleton and W. F. G. Beynon 


(b) The influence of lower layers on the calculation of the u.v.r. factor 
Let us consider the effect of a refracting E-layer below the reflecting F, regio 
the earth being taken as flat. (The argument which follows can be equally wa 
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Figure 2. Cross-sections of M.U.F. factor curves a} various distances. 


applied to the case of region F, below region F,.) We assume that the electroni¢ 
-density distribution with height is of the form shown by the full curves in figure 3 
both regions E and F, being of parabolic form. Let h, y and f°, with appropriate 
suffixes, be the usual constants of the two regions. We consider the trajectory 0 
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vaves of frequency fincident at an angle z, on the #-layer (figure4). After passing 
jnrough that layer they impinge on the F-layer at the same angle of incidence. 
In the absence of the lower layer, the horizontal range would be given by 


1+ xp COS Zp 
1—xp cosy 
xp=f] fp- 
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Figure 7. (1943). 


With the group-retarding effect of the lower layer included, the actual range is 


cals 1+.xpcosz : 
= log, ————~ + 2hg t 
SR= xpyz Sin ty log, TTR + 2hy tan ty 
eek Xp COSI) + 1 
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so that, for a given frequency incident at a given angle, the effect of a regiq 
beneath the main deviating region is to increase all distances, including “ski ! 
distance ; that is to say, the m.u.F. of the upper region for a given horizontal rang} 
will be decreased. 

Consider now the m.vu.F. calculation for these conditions. At vertical incideng 
the equivalent height for a frequency f is given by 


es) 1+ 4p ery onl wet 1 | 
ls 2 xp log, Tog, * BE os aOR neaae sh cabeaeme (6) | 


Expanding the second logarithmic term in (6), we have, since f/fg=%x—”> 


iti 2h p\° 
ao Pa g(F) + | 
hooey Flo tl shes Fyn(#) eee (7) It 


Now in using the vertical incidence (h’, f) curve to deduce the semi-thickneg 
and height of lower boundary of the reflecting layer, we confine our measuremen#} 
to frequencies greater than 0-9/9. For.such frequencies we can write f ~ ff, a ! : 
the effect of the lower layer will be to add a term of approximate magnitudl} 
Syl fel fa)” to the calculated value of the height of lower boundary (see dotted cu 
in figure 3). We have examined theoretically the extent to which the use of thi 
fictitious height in a M.U.F. calculation, tor both flat and curved earth cased} 


compensates for the effect of the lower layer,* and find that, for values of the laye 


Hence 


| 
constants characteristic of normal ionospheric conditions, the errors are rarellf) 
likely to exceed 4%. | | 


§4. THE PRACTICAL USE OF THE GRAPHS 


As has been explained above, the m.u.F. factor, for any distance of transmissionift 
can be determined when the quantities y,, and hy) are known. ‘To get the mos# 
reliable estimate of the factor at any time, it is obviously desirable that y,, and 
should be determined from vertical-incidence measurements at a place midway} 
between the sending and receiving stations. Such a course is, however, rarelip 
practicable, and it is usually necessary to forecast the probable values of y,, ana hi 
from past experience. As a result of a study made at the Radio Researcllf} 
Station, Slough (Lat. 513° N.), the diurnal, seasonal and sunspot cycle variations} 
of these quantities at as latitude are now known. An account of the results} 
of this investigation will be given in a later communication. 

As specimens of the range of values found, we may quote some results fo 
region F’, for the year 1944, a year near sunspot minimum. These are given inf 
table 1 below. | 

It will be seen that the height of the level of maximum ionization (Vm + he| 
usually reaches a minimum near noon, and that this level undergoes a seasonal 
change, being higher in summer than in winter. 


* A note on the formulae, etc. involved in this examination is given in the Appendix. 
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‘Table 1 
1944 G.M.T. 0000 0600 1200 1800 
July Ym Seep (km.) Bile 299 276 296 
Vm| Ao 0-43 0-54 0-57 0-58 
ae Ym Ay (km.) 334 260 263 286 
peo Vinlhe 0-43 0-56 0-58 0-54 
Vn thy (km.) 335 297 241 274 
egies ih 054 052 0-47 0:59 


A further sample of values is shown in figure 5, where the monthly mean noon 
ilues of y,, for the whole of the year 1943 are plotted against the corresponding 
jalues of y,, +A obtained from Slough data. Most of the plotted points refer to 
i:gion F,, but some values for region # and region F, are also included. ‘The 
dividual estimates of y,, and (y,,+4,) often show marked variability, but the 
j.ean points shown on the diagram indicate clearly the general tendency fot 
rger values of y,, to be associated with larger values of (y,, +4). ‘This general 
|ndency is characteristic of measurements of y,, and 4) made at all times of day 
pd night, but is Particularly well defined in the noon values. The oe 


i 


Calculations of y,, and h, from cies i: Breccia nomnle incidence 
\. f) curves observed at several widely separated ionospheric observatories 
lidicate that the mean variation of y,, with (y,,+/ ) shown in figure 5 is most 
irobably indicative of that which occurs over a wide range of latitude and longitude. 


§5. ESTIMATION OF M.U.F. DIRECTLY FROM THE NORMAL 
INCIDENCE (f/’,f) CURVE 


When the two parameters y,, and hy are known, the M.U.F. factor, and hence the 
U.P. itself, can be read directly from the set of standard curves. On the other 
jand, if a standard type of (h’, f) record is always available, then it is more con- 
lenient to be able to read the m.u.F. directly by applying some other set of curves 
) the CAN (h’, f) curve. Curves of this type, known as “transmission 
jarves” , were first described by Smith (1937) and by Millington (1938), and have 
ormed. tie basis of M.u.F. calculations at a number of ionospheric observatories. 
in the case of the ‘‘ parabolic laver’’ method, it is an extremely simple matter to 
lonvert the M.U.F. factor curves described above to a form suitable for direct 
pplication to any experimental normal incidence (h’,f) curves. ‘The transmission 
urves corresponding to any specified distance of transmission consist in the 
nvelopes of a series of theoretical normal incidence (h’, f) curves drawn for 
arabolic layers having the constants y,, and hy related by the mean curve shown in 
gure 5. Sets of transmission curves coacimucied in this way are shown in figure 6. 
We have already mentioned that individual estimates of y,, and (y,, +A) often 
how considerable divergence from the mean curve given in figure 5, and it might 
e expected that the assumption of this fixed relation between these two quantities 
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would result in appreciable errors in the estimates of the M.U.F. Two ractolh 

however, tend to make such errors of quite small magnitude. In the first placit 
as we have already shown, the M.U.F. factor is very largely determined by the magn sh 
tude of (y,, +4) and depends only to a smaller degree on the actual magnitude | | | 
the semi-thickness y,,. An examination of the standard M.U.F. curves in conjun) | 
tion with our knowledge of the actual variations of y,,, has shown that, as far ; | 

M.U.F. calculations are concerned, the effect of fluctuations about the values give 
by the mean curve shown in figure 5 will be small. Secondly, the transmissioj| h 
curve technique is largely self-compensatory with respect to variations in thickneyfi 
of the layer, the result being that even the magnitudes of possible errors due i i 
assuming a fixed law of variation of thickness with height are, in practice, furthe 

reduced. 
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Figure 6. 


§6. LIMITATIONS IN THE APPLICABILITY OF THE THEORY 


It should be emphasized that our analysis relates strictly to the case of a unifort 
ionosphere, since we have assumed no variation of ionospheric characteristid 
over the “ part-range”’ D, (figure 7, p. 63). This part-range corresponds to tha 
portion of the transmission path which lies within the ionosphere itself. Fror 
the typical numerical calculation given in Part I it will be seen that, for a tote 
range of 3500 km., D,; may amount to as muchas 1300km. While it is probabl 
correct, under most conditions, to consider the values of f°, hy and y,, at the mid 
point of this part-range as representative of the whole of the ionospheric track 
we should expect that the results would be less reliable when sunset or sunrisg| 
conditions obtain over this section of the ionosphere. Under such non-unifo 
conditions lateral deviation from the great circle path may also occur for certaiif 
directions of transmission ; in addition, asymmetrical ray tracks are to be expect@iy 

Still greater EM Seciiies are encountered when it is attempted to apply th 
relatively simple theory illustrated above to a case of long-distance transmission i 
which it is necessary to assume multiple hops. In such cases the changing iono 
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spheric conditions will result in the distance between successive earth reflections 
jpeing unequal. In such circumstances the application of the above analysis 
{yecomes a complicated matter. 


| §7. THE MAXIMUM FACTOR AT A GIVEN ANGLE OF INCIDENCE 


For certain problems, particularly for extreme distance transmission, it may 
ye useful to know the maximum radio-frequency which can be returned from the 
onosphere at any specified angle of incidence, irrespective of the horizontal 


\ncident at an angle 7, is given by 


Ym sero : 
pas 1 Rei, sin. iptacont| 
D,= SUD yt RS IV OSE ee mee YN ee (8) 
R+hy Lorn Weis ee 
(glee Roan SIN" % — X COS 1% | 


or finite values of D,, it is clear that x must satisfy the inequality 
eerie <a | he Res (9) 
1 — x? aor sin? 45 
o terms in ck equation (9) can be written in the form 
v2[ 1—sinta(g et) |i panel (10) 
hr WR ORCCC OE Ee LP. WN a (11) 


‘where ¢ is the angle shown in figure 7. Equation (9) can also be reduced to the 
j:ondition 


| « R+ho 


his inequality determines the absolute maximum value of x for any given angle 
bf incidence. It will be noted that for any fixed angle of incidence this absolute 
aximum factor is determined by the value of the ratio y,,/(R+h,). Since 
to<R, an approximate form of (12) is 


2 +m tan?7z)—1 
a = aan Sa SECig na NaEl eee ee (13) 
“Vm tan? 1, i 
| FR2 


Thus, for any given angle of incidence, the maximum value of the multiplying 

actor x depends principally on y,,, the semi-thickness of the reflecting region. 

it may be noted that when R— co, equation (12) reduces, as it should, to the usual 

expression for a plane ionosphere, namely x < sec 7p. . 

It is often, however, more convenient to express this limiting factor in terms of 
he angle of emission 6 relative to the ground at the sender (see figure 7). 


‘ ae 


68 Sir Edward Appleton and W. Ff. G. Beynon ; | : 


Now . || | 
tant, = eh Ba eec (14)}} 
approximately, so that (12) becomes 
( yn AV in Reon cea | 
eg} M2 Rite | Rana a ae 


ms Rcos?6 ) 
L R+hy\R sin?6 + 2h 


For the tangential ray 6=0, and expression (15) becomes 


lee a AV tes Rae 
Reh i | yf Rai aos = ae (16) 
_ Im _ ez) | 2hg 


L R+hy e J 


Since hy<R, an approximate expression for the case =0 is 


x< Re ee (17)| 
Vn il 
Figures 8, 9 and 10 have been drawn to illustrate formulae (11), (13) and (14) fi} 
specified values of the layer constants y,, and 4). From these graphs the limitit} 
factors at any given angle of elevation can easily be determined. 


§8. COMPARISON OF PRACTICAL RESULTS WITH 
THEORETICAL PREDICTIONS 


The above method of calculating the M.u.F. as a function of distance, 
specified ionospheric conditions, has formed the bas’s of all the M.u.F. predictio | 
for different parts of the world, which have been issued confidentially during ti) 
war to British Service and Civil users from the Radio Research Station, Sloug} 
We have therefore had considerable experience of the use of the method and | 
have been able to check its general applicability. 

As has been seen above, the M.U.F. is calculated by multiplying the verticd}} 
incidence critical frequency by a certain M.U.F. factor. Now, generally, t 
critical frequency of the F layer exceeds that of the E layer, but, on the other hanl 
the M.u.F. factor for a given value of distance D is greater for the E layer than i) 
the F layer. We cannot, therefore, say that the one or the other of the two refled 
ing layers always determines the M.U.F. Actually it turns out that, in wint4| 
daytime, the F-layer conditions control the M.U.F., whereas in summer daytiny} 
the normal £ layer is in control. The recombination of the ionization in tif} 
F layer is always so rapid after sunset that practically throughout the year tif 
night-time M.U.F. is controlled by the F layer.* | 

The success of the application of the method in ionospheric forecastial| 
evidently depends on an accurate forecast of ionospheric conditions at the mii} 
point of the overhead-ray trajectory. ‘The forecasting of normal E-layer conditio} : 
is accurate to a fairly high degree, so regular is this layer in its behaviour. Apal 


* Exceptions to this general rule sometimes occur during a summer night when abnor 
E ionization may control the M.u.¥. (vide infra, § 8 (c)). 
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|from the effects of ionospheric storms, the forecasts of F-layer conditions, though 
not SO reliable as in the case of the normal E layer, are sufficiently accurate to 
permit the m.u.F. forecasts to be reliable enough for practical usefulness. On the 
other hand, as we shall show later, the incidence of abnormal E-layer ionization very 
| often permits satisfactory communication on frequencies exceeding the predicted 
|values based on estimates of the normal E- and F-layer ionospheric conditions. 
Such events are found to occur most frequently in daytime during summer when, 
jas is well known, abnormal E-layer ionization is most frequently experienced. 
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| Before proceeding to discuss the cases of abnormal E-layer transmission by 
‘way of illustrations from practical communication data, we turn to consider a 
‘number of points of physical interest in connection with the practical realization 
of a M.U.F. under normal conditions, such as occur when the F layer controls its 
value. 


(a) Signal intensity phenomena associated with the u.v.r. 


In making check measurements of predicted M.U.F. values from signal-intensity 
records of short-wave transmitting stations we have noted interesting interference 
phenomena as the M.U.F. conditions are approached, culminating in a very high 
signal value at, or near, the M.u.F. itself. All such phenomena appear to be 
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satisfactorily explained in terms of the parabolic-layer theory of refraction outline | 
inthis paper. For convenience we shall discuss one or two theoretical points firs : 
We shall take the case of a flat earth since it is simpler than the curved-ea 
treatment and illustrates all the essential physical phenomena. 
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* Angle of incidence (io) 


hy = 300 100 km. 
200 
Figure 10. 


theory for a medium-distance and ordinary-ray F,-layer transmission. It will ba 
seen that, for operating frequencies in excess of the vertical-incidence penetratio 
frequency fp, there are two routes by which the waves may travel from the sender} 


to the receiver. In the case of a frequency less than the M.U.F., say f,, the lower 


path AC corresponds to an upper-ray * trajectory. The reception of two sets-ofi 
waves at the receiver causes interference phenomena if the two amplitudes are} 
comparable.} ‘This is especially the case as f, approaches the M.u.F. Now the} 
state of interference as regards the phase difference of the two interfering compo-| 
nents is determined by the difference of the optical paths of the upper and lower rays, 

and it can be shown that this quantity, for a frequency f;, is equal to the area BNC}} 
divided by the frequency f;. Thus, as f,; approaches the M.U.F., the area BNC} 
decreases and interference maxima and minima in signal strength are experienced || 
culminating in a pronounced maximum at, or near, the exact M.U.F. value.| 
Actually it is easy to show, by the usual method of ray tracing, that when f is equal! 
to the M.u.F. the receiving station is situated on a caustic. The interference| 


* This upper ray is often termed the Pedersen ray. The upper and lower rays have, of course, 
different angles of incidence on the layer, the upper ray having the lesser angle of incidence. 

} That maximum and minimum of signal amplitude are experienced just outside the skip zone | 
has been noticed by Grosskopf (1940). He explains these phenomena as due to interference 
between the Pedersen ray and the normal ray, but gives no quantitative treatment of them. 
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i) *henomena experienced at the boundary of the skipped distance have therefore a 
“Yertain resemblance to those experienced in the case of the rainbow. Just within 
he illuminated area there are the maxima and minima of intensity described 
|bove, and interpreted physically as due to the simultaneous reception of the 
ower and upper rays, while the intensity within the shadow (“silent zone”’) falls. 
\ff exponentially within the skipped distance. 

In practice, the high-angle Pedersen rays are often heavily attenuated except 
| t frequencies near the M.u.F. Furthermore, under suitable conditions, both the 
| rdinary and extraordinary ray components may be present. A _ practical 
blique-incidence (P’, f) record might thus be of the form shown in figure 12, and,. 
jn this case, interference effects between two, three or even four rays will occur. 
|-hus, referring to figure 12, as the frequency f, is increased to f, + Sf, there will be 
small increase in optical path difference between the two magneto-ionic compo- 
hents given by the area ABCD/f,. Similarly, for a change from f, to f, + 5fo, the 
hanges in optical path difference, (a) between the two ordinary ray components 
upper and lower trajectories) and (4) between the low-angle ordinary and extra- 
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ordinary components, will be proportional to the areas EFGH and HGLM 
respectively. Hence, for conditions such as those represented by figure 12, we may 
expect the following sequence of events as the frequency in use steadily approaches 
the M.U.F.: 

(i) At first, with only a single ray present, the signal intensity may vary in an 
arbitrary random manner. 

(ii) With the growth in amplitude of the extraordinary ray we may expect 
rhythmic fading of slow period, coupled with equally regular polariza- 
tion changes. As the optical path difference between these two com- 

ponents gradually increases more rapidly (see figure 12), this rate of 

| fading should slowly increase. 

(iii) When the effect of the high angle (Pedersen) ordinary ray becomes 
appreciable, a rapid fading should be superposed on the slow fading. 

(iv) As the M.u.¥. of the ordinary component js approached, the ordinary- 
extraordinary fading becomes more rapid and the upper-lower ordinary 
ray fading slower, until the two rates may be of comparable magnitude. 
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(v) After the penetration of the ordinary component we are left with fairl 4 
rapid fading between the two extraordinary rays (upper and lower), th i 

rate then decreasing to zero at the M.U.F. for the extraordinary ray: | 


In practice it is not readily feasible to study these phenomena either b 
studying the signal intensity as the frequency is steadily increased up to, an) 
beyond, the M.u.F. or, in the fixed-frequency case, by studying the signal intensit A 
variations in space round the edge of the skipped distance. But under conditions] 
of steadily increasing (or decreasing) ionization such as occurs at sunrise (or sunset] 
when the changing M.U.F. value passes through the fixed operating frequency used} 
the varying features of the interference system described above appear ‘as i) 
sequence in time. a | 


For example, in measurements made on Oslo in the evening of 25 Jariuary 


1946, when the F-layer ionization was decreasing (which would simulate’ thy 
conditions illustrated in figure 12 as f, approached, equalled, and then exceedea|} 
the M.U.F.), the signal intensity record shown in figure 13 was obtained. 
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Figure 13. Variation in signal strength near M.U.F. Signal from Oslo received at Slough. ~ | 
Frequency 9°53 Mc./s. Distance 1140 km. 25 Jan. 1946. \ 


Prior to 1643°5G.M.T. the received signal intensity varied slowly in a random} 
manner. At this time the slow rhythmic fading commenced at the rate of about} 
1-3c./min. Within five minutes this rate of fading increased to about two per 
minute. At 1649G.M.T. we note the first signs of the rapid fading due to the! 
reception of the Pedersen ray ; this increased in amplitude until by 1651 G.M.T. we } 
get fast fading at the rate of about 37 cycles per minute. This then persists until]}} 
the disappearance of the ordinary component at 1656 G.M.T., after which slower | | 
fading (18 c./min.), due to interference between the two eniiere components, | 
continues for about 40 seconds before the signal finally decreases to zero just before | 
1657G.m.T. The high peaks in signal intensity which occur exactly at the! 
maximum usable frequencies (1656 and 1656°7 G.M.T.) do not show up well on this | 
record because of overloading of the receiver for very strong input signals. It is | 
interesting to compare the observed rates of fading shown on this record with | 
values calculated for a parabolic layer from normal-incidence (h’, f) observations | 
made at Slough and Burghead at the time of the field-strength record. (Vhe mean | 
latitude of the Slough-Oslo transmission path is approximately equal to the mean |} 
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‘Watitude of Slough and Burghead.) ‘These calculated values are given in table 2 
‘below. 


Table 2 
Difference Calculated 
wt in optical path rate of fading 
| Frequency | Ratio (dP) (cycles per minute) 
‘ith ;; 2 tical 43 
‘+ (Mc./s.) M.U.F. Pedersen- Ordinary- Pedersen- Ordinary- 
low ray extraordinary low ray extraordinary 
(km.) (km.) 
0-91 18-0 0-1 170 1-0 
9-53 0-94 8-0 0-15 110 DA 
0-97 DD) 0-20 60 5:5 
0-985 0-7 0-38 36 20-0 


{t will be seen that the calculated rates of fading agree reasonably well with the 
#xperimental values. 


i ) The variability of the F, layer critical frequency 

3 In applying normal incidence ionospheric data to communication problems 
3f is often necessary to estimate conditions at a point many hundreds of kilometres 
#rom the nearest ionospheric laboratory. ‘There is ample evidence to show that 
dor small latitude changes (up to, say, 10°) the variations in the M.u.F. factor are 
4mall compared with those in the normal incidence critical frequency of the F, 
jayer (there is no such variability in the case of the E-layer critical frequency). 
‘orecasts have, of course, to be made using monthly mean values and, even under 
juiet ionospheric conditions, we have found that the standard deviation from the 
jaonthly mean value may be of the order of 12 to 20%. (An extended analysis of 
his phenomenon made by Appleton and Naismith has shown that, for the latitude 
if Slough (513° N.) and for years of marked solar activity, the spread of the daily 
jalues is generally greatest for the equinox periods March and September, 
Wodicating clearly the influence of magnetic storms.) ‘Thus interpolated or 
xtrapolated values of the M.U.F. based on monthly mean values will not necessarily 
pe really accurate for any given day. ‘To allow for these variations it is customary, 
or practical purposes, to advocate operation on frequencies 15% less than the 
iredicted value based on monthly mean values of the normal incidence critical 
| requency. 


i} 


c) The influence of abnormal E-layer ionization on oblique incidence transmission 


There is now available a considerable body of evidence showing that satis- 
factory radio communication can quite frequently be established on frequencies 
jigher than the maximum usable frequencies predicted by the method described 
(bove, which is based on the regular variations of the Z and F, layers. _ During 
‘he war many examples of this phenomenon were brought to our attention by the 
$ritish Broadcasting Corporation Engineering Division, who cited to us cases of 
atisfactory long-distance broadcasting on frequencies which considerably 
xceeded the maximum usable frequency predicted in the normal way. The 
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information kindly furnished to us by the B.B.C. related both to“ multiple-hop 
and ‘“‘single-hop” transmission. In both cases it had been noted that diser 
pancies of the kind in question occurred most frequently in daytime and in ane | . 


Now as far back as 1935 attention was drawn to the importance of abnorm} 


E-layer icnization in facilitating long-distance high-frequency communicatiog 
Appleton and Naismith (1935), for example, found that this type of ionization 
particularly in summer daytime, often returns radio energy copiously at frequencie 
greatly exceeding the critical frequency of the normal F layer. ‘‘ Under suc | 
conditions”’, they concluded, “‘ the upper limit of frequency usable in long-distang | 
communication can be abnormally high, since the usual restriction by F, regio 
electron limitation is then not operative”. 

We have made a special study of the B.B.C. “ single-hop 
which relate to the reception of Daventry short-wave signals in Gibraltar an j 
Algiers, the results of which appeared in a confidential paper circulated by t 
Radio Research Board in August 1944. Generally we found that the B.B.C}) 
results could be explained partly by reflections from the normal £ and F,* layer 
and especially by the intervention of abnormal E-layer ionization which provide 
copious reflection in summer daytime. 

More recently, some particularly striking evidence relating to communicatio 
on frequencies exceeding the predicted values has been brought to our notice b 
Dr. L. P. Wheeler, Chief of the Technical Information Division of the Engineerinj}) 
Department of the Federal Communications Commission, U.S.A., to whony 
we are indebted for permission to quote here. During the summer of 194 
Dr. Wheeler found that strong signals were received in the 40 to 50 Mc./s. bane 
at distances of the order of 1000 to 1500km. from the sender, whereas for th 
particular conditions in question the maximum‘ usable frequency for reflection 
by the F, layer or by the normal E layer would have been about 12 and 16 Mc./s 
respectively. It is clear, therefore, that abnormal E-layer ionization was respon 
sible as the reflecting stratum. 

Now the M.u.¥. factor for the abnormal £ layer for a distance of 1500km. iff 
approximately 5-(}, so that for the successful transmission of, say, 44-3 Mc./s. thd 
critical penetration frequency of the layer must have exceeded 8-9 Mc./s. So hig 
a critical frequency is only characteristic of what Appleton and Naismith have 
termed the “intense £-layer”’ condition under which tke penetration frequency 0 
the abnormal £ layer exceeds the normal F, layer critical frequency. 

‘To test whether an explanation along these lines was the correct one, we havé 
compared the reception results of Dr. Wheeler with the information availabldf} 
concerning the incidence of “intense E-layer” ionization in the U.S.A. I 
figure 14 are shown plotted the monthly figures of the time of occurrence o 
substantial reflection of 44-3 Mc./s. waves over a distance of 1428 km., togethe 
with the frequency of occurrence of normal-incidence critical frequencies of thal 
abnormal E layer exceeding 9Mc./s. at vertical incidence at Washington 
In each case the observations refer to the period 0600-2400 L.m.tT. There cat 
be little doubt, from a comparison of these graphs, that the phenomena ard 
related. An exact and detailed correspondence would nct be expected in view off 
the fact that the observations relate to different sites, and in view of the well 
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* Allowance for the “ longitude effect’ described recently by one of us (Appleton. 1946 | 
turned out to be particularly important in this connection. | 
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‘Yaown non-uniform horizontal distribution of both abnormal E-layer and “ intense 
-layer”’ ionization. We can, however, be quite confident that these occasional 
uccessful transmissions on frequencies up to twice the normally predicted values 
‘We due to the intervention of abnormally dense sporadic ionization at the level of 
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Minutes of occurrence of fields exceeding 25 microvolts/metre 
Occurrence of fAg>9°0 Mc./s at Washington 
[Hourly observations at normal incidence | 


Figure 14. Propagation of 44 Mc./s. over distance of 1428 km, 
—---- fis at Washington. 


ASE Er GND, 1X 

) Note on the calculation of skipped distance for a compound ionospheric structure 

| For a plane ionosphere structure of the form shown in figures 3 and 4, the 
ilation between : and x for minimum D can readily be shown to be 
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or a curved ionosphere of n same structure, the angles of incidence of the waves 
the E and F layers are unequal. In this case. the corresponding formula is 
milar to the above, but with additional terms in 1/R. Such a formula cannot, 
owever, readily be put in an explicit form suitable for direct computation. 
ence, in making exact m.U.F. calculations for comparison with the results of the 
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approximate method outlined in the main text, it becomes necessary to determin | 
the skipped distances directly by plotting distances against angle of incidence tq} 
given ionospheric conditions. For the curved ionosphere structure shown 1 


figure 7 the true range D is given by 
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where D, =2R(0,+ 65), 0, and 6, being given in the equations 
Rsin6, (R+hy+2ypg) sin Gy - 


tani = tanip— 


hp + R(1 —cos6,)’ hy —{(R+hp + 2yp) cos 6,—R} : 
For the approximately equivalent region we should use the following formula fo} 
calculating 1): 


2 : Xp lin || 
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where p= yulfale- 
The corresponding skipped distances would then be calculated in the usual wa 
from 
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D= =——— . xp yy - sin ig tanb-? — ABE 4 Dh ae (21) 
R+hpt+p 1 SEY SIDE ty 
R+hpt+p 
where D2=2R0' and 6’ is given in the equation 
ee Rsin 0’ : 
hy + p+ R(1—cos6’) 
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WA4BSTRACT. An instrument developed for the visual presentation of infra-red spectra 
n a cathode-ray screen is described. The radiation detector employed is a high-speed 
solometer made by the Bell Telephone Laboratories having a time constant of less than 
01 second. ‘The performance of the instrument is such that a range of 2:5 to 3°54, 
iMinywhere between 1 and 16 uw, can be scanned in 14 seconds. The cathode-ray screen 
jised has very long persistence, so that a steady “‘ picture” is obtained. The resolving 
j0wer at these speeds is sufficiently good for most work on complex molecules. Illustrations 
\j»f typical spectra are given and proposals are outlined for further improvement and 


ylevelopment. 


§1. INTRODUCTION 


N recent years it has become very important to improve the speed with which 
absorption spectra may be plotted in the infra-red.. The aim has been to 
make the recording of spectra a routine matter so that attention can be 

iconcentrated on the correlation and interpretation of data on series of molecules 

jof related constitution. In this way bands which characterize particular 

}chemical bonds and groupings can be identified with certainty and used as 

guides in elucidating the structure of molecules of unknown constitution. 

}Several recording spectrometers have been described which plot absorption 

i spectra between 2 and 15 uw (with moderate resolving power) in a time of the order 

of half an hour. (For example, Barnes et al., 1945; Brattain and Beeck, 1942; 

McAllister et al., 1941; Sutherland and Thompson, 1945; Wright, 1941.) 

} However, in order to exploit fully the infra-red method of analysis, it is desirable 

| to be able to see the infra-red spectrum, as this enables one to apply the method 

| to problems in which the spectrum is changing rapidly,-e.g. in chemical reactions, 
| in changes of state and in other transitory phenomena. Quite apart from making 
| these new fields accessible, such an infra-red spectroscope has great advantages 
as an inspection instrument and for doing a quick survey of a problem in order 

(to enable one to decide whether a more detailed study is. worth while, using 

a conventional recording instrument. 

Before the instrument described here was commenced there had been only 
one attempt (Baker and Robb, 1943) to make an infra-red spectroscope using 
cathode-ray presentation. The principal controlling factor in such an instru- 
ment is the speed of the detector system. In the apparatus of Baker and Robb 
this consisted of a bolometer and a Moll micro-galvanometer, having a combined 
time constant of 0:2 sec. With this they could arrange to display 75 points in 
a spectrum in a time of one minute, i.e. about 1 point a second. The resulting 
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picture must either cover an inconveniently small portion of the intra-r¢ y 
spectrum rather slowly, or a reasonable range with unsatisfactory resolvit 
power. Unfortunately no absorption spectra were given by Baker and Rok 
from which the actual performance could be judged. In our instrument 
employ as radiation detector a Bell Telephone Laboratories thermistor bolomet| 
with a time constant of just under 0°01 sec. (Brattain and Becker, 1946). It 
operated by radiation interrupted at 20 c./s. and is followed by an amplifidyy 
responding to the 20c./s. output voltage of the detector, but not to slow voltag| 
changes, or “‘drift’’. With this system we are able to scan a range of 2°31 


a resolving power which is sufficiently good for most work on complex molecule; 
Preliminary descriptions of an apparatus have already appeared (Daly ant 
Sutherland, 1946). 


§2. SPECTROMETER AND DETECTOR 


A Nernst glower was used as a source of infra-red radiation, without specis 
precautions other than shielding from draughts and the use of baretter lampiy 


to drop the mains supply voltage. The radiation is collected by a mirror an: 


which gives a radiation intensity modulated in square wave format about 20 c./¢ 
The frequency is controlled by a mechanical governor and set by means of 
stroboscope disc and neon lamp fed from the 50 c./s. mains. It may be varie 
over a range of 10c./s. to 25 c./s., but it is found that certain sub-multiples of th; 
mains frequency are to be avoided, as these may give rise to slow beats wit 
residual mains hum in the amplifier. A frequency of exactly 20 c./s. has been} 
found quite suitable for normal operation. 

The spectrometer used was an old Bellingham and Stanley instrumen| 
having Littrow mounting of a 30° back-silvered rock-salt prism 5 cm. high and] 
with a 3 cm. base. It has an aperture ratio of approximately F/12, which i 
rather low for this purpose, but was the only one readily available. The prism! 
table drive has been modified (see figure 1) to operate from a continuously 
rotating cam. ‘This cam provides a uniform traverse of the prism table throug 
an angle of about 1° for 300° rotation of the camshaft and a rapid flyback to th | 
starting point over the remaining 60° of rotation. A screw control moves thd 
cam roller relative to the-prism table arm, thus giving a means of setting the sta | 
of the scan to any given wave-length. The angular traverse of the prism tabla 
during one scan may be varied by employing a selection of cams, but in oudf 
first model we have found that a cam cut to give a 300 cm= scan in the 7 
region is most generally useful. 


| 


The scan repetition frequency used is 3°5 per minute, which is well within 
the persistence limit of the cathode-ray-tube screen. The scanning speed is 
thus about 20 cm-'/sec. in the 7 region. For the present spectrometer and 
detector system, this appears to be the most satisfactory compromise. It sl 
hoped that this may be raised to 100 cm>1/sec. with similar resolving power byl 
the use of a spectrometer with larger aperture. | 

As mentioned above, the detector used is a thermistor bolometer developed] 
‘by the Bell Telephone Laboratories. It consists of a flake of thermistor material! 
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“jith suitable current leads mounted on glass backing and having a receiver 
ijrea of 2 mm.x0:2 mm. The receiver operates in air but is sealed off from 
ae atmosphere, radiation being admitted through a rocksalt window. This 
‘ermistor element is used in series with a compensating element matched 
” it in resistance/current characteristics, but not exposed to radiation. The 


‘If the radiation falling on the detector is modulated in this way, and the head 
nplifier responds to the modulation frequency but not to frequencies lower 
jaan a few cycles per second, the amplifier output will depend only on the 
Amplitude of the modulated radiation and not on relatively slower radiation 
jnanges, or drift, caused by varying ambient temperature in any part of the system 


B 
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Figure 1. General lay-out of spectrometer. 


A Nernst filament. E, Entrance slit. I Condensing mirror. 
B Condensing mirror. Be. Exit slit. J  Bolometer. 
C Chopping disk. F Plane mirror. K Prism table arm. 
,, D, Alternative positions of G_ Collimating mirror. ee Cam: 
H M 


absorbing material. Prism. Control for cam setting. 


ifter the chopper. Sudden changes in radiation intensity, such as the switching 
In or off of lights, produce transient responses, which, however, are readily 
lecognizable. In our system a modulation frequency of 20 cycles per second 
ls used, a value which permits maximum signal-to-noise ratio to be reached, 
put which allows the amplifier pass-band to exclude interference from 50 c./s. 


nains hum. 

_ The thermistor bolometer is operated with a d.c. bias voltage of between 100 
ind 150 across each element. Sensitivity to radiation increases with bias voltage, 
»ut so also does current noise in the thermistor flake. In addition, the flake 
sistance falls appreciably with increasing operating temperature, thus causing 
i; fall in Johnson noise with increasing bias. A compromise must therefore 
ye effected by choosing a bias voltage which is sufficiently high to give good 
‘ensitivity, but not so high that the current noise in the detector greatly exceeds 
he Johnson noise. It is found in practice that the curve of signal-to-noise 
‘atio against bias voltage is fairly flat over the bias range 100-150 volts. Below 
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this it falls off, and bias above this range tends to drive the bolometer into 4} 
unstable condition. Under optimum bias conditions, the resistance of ti) 
bolometer element is of the order of 2 megohms, so that, for noise purpos@) 
the output signal is generated across a resistance of a megohm. ‘The voltag|i 
sensitivity is approximately 250 wv. per j.W. of radiation, interrupted at 20 c./s 
for 100 volts D.c. bias per element. 


§3. AMPLIFICATION AND DISPLAY 

The present head amplifier (figure 2) was designed after some experiend 
with that used in the original system (Daly and Sutherland, 1946). It has th 
following characteristics :—60 db. gain at 20 c./s., a response flat within 0:5 dif 
over the range 2 c./s. to 40 c./s., a noise level corresponding to a noise resistand} 
of 100000 to 200000 ohms at the first grid, and an input impedance of not le} 
than 5 megohms at 20 c./s. 
Those features of the amplifier concerned with noise level will be discuss 


first. Thermal and current noise arising in the thermistor elements must Hj 
regarded as unavoidable. "The remaining major sources of noise are (i) fluctuatiojf| 
in the power supplies to the bolometer bridge and to the amplifier, (11) leakagil! 
through the coupling condenser between the thermistor bridge and the grill] 
of the first amplifier valve, (iii) flicker noise in the early stages of the amplifiel | 
Fluctuations in the power supplies may, be reduced to a low value by adequatf} 
stabilizing and filtering circuits. The H.T. supplies are stabilized by’t 
customary hard-valve series stabilizing circuit (see figure 2), the output from 
which is fed to a chain of gas-discharge valves which provides tappings at — 15( 
0, +150 and +300 volts. The —150, +150 and + 300 volt supplies are furthe 
smoothed by choke-condenser filters and by the decoupling networks in the heal 
amplifier itself. The second source of noise was avoided by operating t 
thermistor bolometer bridge from the —150 and +150 volt lines. Arrangement} 
are made for varying the bias while keeping the bridge mid-point approximatellf’ 
at earth potential. In this way the first coupling condenser (which is selected! 
for low leakage) is not subjected to potential difference of more than a few voltd} 

Flicker noise in the valves is a well-known source of difficulty in designin} H 
low frequency amplifiers. ‘The 6SJ7 valves used have relatively low flicked 
noise, and were operated at low screen voltages (about 10v.) and with anod}! 
voltages of about 40 in the earlier stages to minimize ionization of any residual 
gas. It was not considered profitable to operate the valves at reduced heate}f! 
voltage, as is often recommended, since this may shorten the useful life of thd 
valves and was not found to give a significant improvement in signal-to-noisll 
ratio. Carbon resistors carrying appreciable current were avoided wherff 
possible in the earlier stages of the amplifier. Hum from the 50 c./s. main 
was reduced by employing a smoothed d.c. heater supply, and by complet 
electrostatic shielding of the bridge and first two amplifier stages. 

Since, in the thermistor bridge, the signal voltage is generated across a 
effective impedance of a megohm, it is desirable that the input impedance of th 
amplifier should be as large as possible compared with this if loss of signal is td 
be avoided. ‘This high input impedance was secured by using a cathode followe 
as the first stage, the cathode load being common to the first two valves. Sinca] 
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negative feedback is applied to the control grid of the second stage, the cathod 
input impedance is relatively high, and the operation of the first valve is thul 
not impaired. 

The response of the head amplifier was made wide in order that each energy} 
pulse on the detector should give rise to a corresponding discrete voltage pul | 
at the amplifier output. Although in the circuits described below which folloy 
the head amplifier, this band-width is greatly reduced by smoothing, it has bees 
maintained at 40c./s. up to detector level, as we intend to introduce shortly ; 
system analogous to that of Baker and Robb (1943) for producing a direct plojff 
of percentage transmission against wave-length instead of an energy trace. ‘Thilf) 
system may involve the transmission of alternate pulses of widely differenljf 
amplitudes, for the accurate reproduction of which a wide response band iff} 
essential. 

Figure 3 shows the shape of the head amplifier response. This type ot 
response was obtained by the use of negative feedback, via a high-pass 'T-sectio 
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Figure 3. Head amplifier response. 


pentode stage also to the control grid of the first. In spite of the multiplicity] 
of feedback loops, the amplifier proved to be quite stable. 

The detector and head amplifier have been considered together as one unit 
i.e, a radiation detector, whose output is at a sufficiently high level for it to be} 
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meted by the presence of normal noise in the succeeding cieeronte circuits. 
7 his unit has been arranged, as mentioned above, to give a close correspondence 
jetween input radiation pulses and output voltage pulses. 
1 If following circuits are such that this correspondence is maintained up to 
jne cathode-ray tube used for display, each radiation pulse will be represented 
jy aproportional deflection (see plate1(a)). Alternatively, the radiation-chopping 
Jfequency may be treated as a carrier and detected, to yield finally a smoothed 
q | gnal at a considerably narrower band-width (see plate 1(b)). The former system 
} preterable where radiation energy is plentiful, and where it is desired to operate 
Wt high scanning speeds with low distortion of the form of the observed spectra. 
Vhen energy is strictly limited, however, the signal-to-noise ratio at the display 
nd may be increased by detecting and smoothing the interruption-frequency 
{gnal to a band-width of the order of 1/10 to 1/20 of that passed by the head 
@mplifier. This considerable reduction in band-width is necessary if discrimina- 
fon against ripple at the interruption frequency is to be achieved without 
@ very elaborate filter system. 
!} We have developed the second system, which is convenient for the qualitative 
@xamination of spectra, in the following manner :—Output signals from the 
ead amplifier are fed through a gain control, having ten 6 db. steps, to an amplifier 
vith 40 db. gain and a flat response from 2 c./s. to 40.c./s., which is similar in design 
fo the head amplifier. The output from this second amplifier is detected by a 
iode and the output smoothed by means of a three-section, low pass, resistance- 
gapacity filter. ‘The 20 c./s. ripple is reduced in amplitude to 1 to 2% of the 
fignal. The output of this filter, which has a band-width of about 2 c./s. is used 
o control the amplitude of a 500 c./s. square wave carrier (see figure 4). The 
ircuit may be so adjusted that zero energy falling on the detector gives a very 
mall carrier amplitude. 
| ‘This 500c./s. signal is then amplified by one stage with continuously variable 
rain (max. 35 db.) and finally by a paraphase amplifier in which the two anodes 
jeed the Y plates of the cathode-ray tube. Between the variable gain stage 
ind the grid of the paraphase amplifier, there is interposed either a d.c. restoring 
liode, or a clipping circuit with adjustable bias. ‘The latter circuit is used 
f it is desired to have a sharp base-line which can be set precisely, to zero energy 
yn the detector, even in the presence of appreciable noise background. These 
}ircuits are shown in figure 4. An advantage of the 500 c./s. square wave carrier 
system is that the C.R.T. spot remains stationary for a considerable fraction 
f each cycle, so giving bright upper and lower limits to the pattern (see plate 1 (4)). 
The cathode-ray tube is a 12-inch electrostatic deflection type, with a double 
screen of the type used in radar P.P.I. display units. A spot of the order of 
5 mm. diameter is used and the maximum dimensions of the spectrum pattern 
are 15 cm. by 15 cm. 

A time-base is provided by an accurate 100,000 ohm potentiometer linked 
to the spectrometer prism table drive. ‘The potentiometer slider is connected 
to one X plate, and the other X plate to a voltage corresponding to the potentio- 
meter mid-point. Continuous rotation of the potentiometer is possible, but 
Kor 60° the slider is not in contact with the winding. ‘This 60° interval is used 
for the return of the prism table to its starting point, and during it the cathode~ 
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ray-tube trace is suppressed by a flasher and relay system driven from the sama] 
shaft as the time-base potentiometer and operating a brightness control. 


§4. ILLUSTRATION OF SPECTRA 


In plate 1 we give a comparison between the two methods of display. L} 
the upper photograph we have the trace produced by the wide-band (40 c./sif 
undistorted signal from the head amplifier. This is the same type of displa) 
as in our preliminary note in Nature (Daly and Sutherland, 1946). In thi 
lower photograph we have the trace due to the narrow-band (2 c./s.) smoothe i 
and re-modulated signal. ‘The spectral region covered (roughly 1-4,) and thi} 


radiation intensity at the detector are the same for both plots. The source 
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Figure 4. Circuits for smoothing, remodulation, and for final paraphase amplifier. 


of radiation was a Nernst filament which has its maximum near 2 #4; Superimposed | 
atmospheric absorption bands at 1°4, 1°9 and 2°84 are clearly visible. In mc) 
upper photograph more detail is visible and this detail is reproducible with| 
great accuracy, but froma psychological point of view the lower trace is preferable. 
While the paper was being written a note appeared (King e¢ al., 1946) giving| 
an account of a copy of our original apparatus but with the introduction of 
smoothing. ‘The authors of that note appear to consider that smoothing is| 
always an advantage. ‘They claim that it makes the detection of weak absorption 
bands easier. We would point out that this is not so, and for the same scanning 


speed smoothing must always involve some sacrifice of information. However, 
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Plate 1. Emission spectrum from a Nernst filament, 
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(a) 2.2.4 Trimethylpentane. 


(6) 2.3.4 Trimethylpentane. 


Plate 2, Absorption spectra of isomeric hydrocarbons. 
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| or certain purposes this sacrifice may be unimportant compared to the psycho- 
jogical gain, and it is for this reason that we have developed both systems, which 
:an be used interchangeably. 

| In plate 2 we illustrate the use of this instrument for rapid identification 
Jind analysis of chemicals. ‘The upper photograph gives the absorption spectrum 
pf 2.2.4 trimethylpentane over the approximate range 7-9. The source of 
jadiation was again a Nernst filament; the absorption minima in the energy 
jwurve are at 7°3, 7°8, 8:0, 8°3 and 8°5z and completely characterize this hydro- 
#arbon. For comparison we give in the lower photograph the corresponding 
ypectrum of the isomer 2.3.4 trimethylpentane with its equally characteristic 
eries of bands at 7°3, 7°6, 7°9, 8°45, 8°6 and 8°94. When one considers that 
ahese two plots were obtained in a time of approximately 30 seconds, and that 
where is every likelihood that this time can be reduced by a factor of 5 in the 
yery near future, the potentialities of this instrument as a tool for chemical 
Sesearch and analysis need no further emphasis. 

We have already used the spectroscope to follow dissociation phenomena 
|nd are at present studying certain chemical reactions. An account of this 
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§5. FUTURE DEVELOPMENTS 


| In constructing this apparatus we have concentrated on simplicity and 
jssentials. We considered the important thing was to show the practicability 
2f such a spectroscope rather than to develop a very complicated instrument 
ivith elaborate refinements. Since an instrument of this type will have many 
jliverse applications, various forms will have to be developed for special purposes. 
jtowever, there are certain features to which we wish to draw attention, as we 
jelieve them to be of general interest to all future users. 

| Let us consider first the optical and mechanical parts ofthe spectroscope. 
y3ince in the infra-red the principal limitation to resolving power is determined 
hy the energy passing through the exit slit, we must strive to maximize this 
nergy for a given frequency range in the spectrum. This can be done by 
increasing the size of the prism, the aperture ratio and the length of the entrance 
jlit.* Our present instrument employs a 30° prism with 3 cm. base with an 
i ffective aperture ratio F/12. We propose to use in future a 60° prism with 7 cm. 
ase and an aperture ratio F/4°5. The limitations imposed here are solely the 
fize of prism available and the cost of appropriate mirrors of the requisite focal 
jength and optical accuracy. If the mirror is used off-axis, this last may be 
4 serious consideration and it would be advisable to consider using an optical 
}cheme such as that due to Pfund (1927) in which the collimating mirror is used 
}n-axis. ; 

In the present instrument we have used a single cam and a single scanning 
}peed. The cam could be adjusted so that the 1° movement of the prism could 
jake place in any part of the spectrum. This has the advantage of continuous 
Wariability, but is unsuitable in that it is designed really for the 6-8 region of 


* We hope to publish a full analysis of these and other factors controlling the performance 
df this spectroscope in the very near future. 
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the spectrum. Thus, at shorter wave-lengths, the spectrum is too crowde 
while at longer wave-lengths it is too spread out. An alternative method wou 
be to have a series of, say, 5 cams to cover the range 1-16 with some overlé 
from one cam to the next. These cams could be interchangeable by mea} 
of a simple external control and calibrated to give a linear frequency scan with} 
their respective ranges. Our original system has the great advantage that i 
flexibility allows more latitude in the comparison of absorption bands whi¢ 
might otherwise fall on different cams and we are retaining it with modificatioi 
which allow us to vary independently (1) the starting point of the scan, (2) th 
width of spectrum being scanned, and (3) the speed of scanning. At preset 
no calibration marks are introduced in the spectrum displayed on the cathodi 
ray tube. A number of different methods of calibration are possible, -but w 
propose to introduce one in which the trace is darkened momentarily as t R 
spectrometer wave-length setting passes certain fixed values. 
In the investigation of absorption spectra, the direct presentation of percent L 
transmission v. wave-length is desirable. The inclusion of this feature wa 
decided upon at an early stage, and, as implied above, the system has been designe} 
so that it may be added. The equipment now being set up for this purpo 
is in principle analogous to that of Baker and Robb (1943), but it will be see 
that, in view of our higher interruption frequency and potentially higher scanni 
speed, it is desirable to substitute a purely electronic system for their electrd 
mechanical system of automatic gain control. 
During the past six years a number of novel fast detectors have been develope} 
for war purposes, in addition to the thermistor bolometer which we have useqff 
Some of these, such as the superconducting bolometer (Andrews ef al., 1946] 
air cell detector (Weiss, 1946) and lead sulphide cell (Cashman, 1946 ; Starkiewsl 
et al., 1946), while not so convenient as the thermistor bolometer, offer co 
siderable improvement in speed and sensitivity. Some of these are now unde 
investigation by us. | | 
Although the most striking feature of the present apparatus is that it give 
a steady visible picture of the infra-red spectrum, its applicability to variou| 
problems will be restricted unless a record of the spectrum can be made, 
desired, in tandem with its display. The obvious method of photography i 
rather clumsy and slow, so we are making arrangements to use a method of ultralf 
high-speed pen recording. | 
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EQUIVALENT PATH AND ABSORPTION 
IN AN IONOSPHERIC REGION 
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ABSTRACT. Numerical values for the equivalent path and absorption of a wireless wave 
‘Incident vertically on a Chapman region are given for the cases of penetration and of reflece 
jrion from either side of the region. The values are compared with those for the commonly 
assumed parabolic distribution of ionization. "The application of the results to absorption 
#measurements and to the reduction of experimental P’, f curves is considered. 


§1. INTRODUCTION 


path and frequency found experimentally, with the values calculated assuming 
a definite form for the distribution of ionization. For instance, Appleton 
( (1937) has sometimes assumed that the ionization is parabolically distributed. 

| Chapman (1931) has made very general calculations of the distribution of 
ionization produced in the atmosphere by the incidence of monochromatic 
jradiation from the sun. These are based on the assumption that the gaseous 
/component responsible for absorbing the radiation is distributed exponentially 
jwith height, and allowance is made for the relative movement of the sun and the 
fearth. It is shown here that the equivalent path and absorption of waves can be 
‘calculated for a region in which the ionization is distributed as indicated by 
'Chapman’s theory: such a region will be referred to below as a ‘© Chapman 
‘region”’ 

In studying absorption, Best and Ratcliffe (1928) have calculated values for a 
‘Chapman region, limiting the calculation to the case of waves of frequency much 
' greater than the critical frequency for the region, so that it can be assumed that its 
refractive index is nearly unity. This limitation is not imposed here. 


if is often convenient to be able to compare the relationship between equivalent 


q 
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§2. DISTRIBUTION OF IONIZATION | 


The formulae relating ion production in the atmosphere to the mass absorption | 
of solar radiation were first given by Lenard in 1911. In 1931 the complete theor 
of the region formation as a function of the position of the sun relative to the eart}| | 
was given by Chapman (1931). He shows that if monochromatic radiation frome 
the sun, of a wave-length that will ionize one of the atmospheric components, if 
incident upon the earth’s atmosphere, the rate of ion production q at any height | 
above the earth’s surface will be related to the zenith angle y of the sun by thi 
formula 
g=q,exp(i—2z—secxe*); | ee (1) 
where the earth is regarded as flat, and 


fae (2) 


Crcmcury tn 


Here z is the height above a datum level fy measured in terms of the scald 
height 


where kis Boltzmann’s constant, 7 is the absolute temperature, g is the acceleratio : 
of gravity, and m is the mean mass of the atmospheric molecules involved. : 

If it is assumed that the ions formed by the action of sunlight disappear by 
recombination at the rate «N? per c.c. per sec., where N is the number of iong 
existing per c.c. at any time, then N is determined during the day by the equation 


approximation that it vanishes, we have from (1) and (4) 


N=4/(q/a)=Noexp3(1—2z—secye*), «5.0 (3) 

where No = \/(qo/«). 

The value of N given by (5) has a maximum 

Niiax= Vg COS2Y Sicco 5 (6) | 
at the level given by 
e*secx=1. 

The value sec xy =1 occurs at the equator at noon at the equinox. Thus JN, is 
the maximum value of N at this place and time, and this value occurs when z =0,| 
that is, at a height h, above the earth’s surface. 


§3. ABSORPTION 
When a radio wave is sent upwards at vertical incidence towards such an 
ionized region it is known from the theory of Lorentz that the refractive index pu 
and the absorption coefficient « of the medium are given by 


Ne 


LD gs ’ fe toca 


LL 
where f is the frequency of the wave, « and m are the charge and mass of the ions, 
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jz 1s the velocity of light, and » is the collision frequency of the ions with neutral 
molecules. It is assumed that (27f)?> v?. 
At vertical incidence the wave will be reflected from the region if there are 
sufficient ions at any level to reduce the value of to zero. This reflection occurs 
iqet the level at which N = rmf?/e?: if the effective ions are electrons, as is believed to 
| ye the case in E-region, this is equal to 1-24 x 104f?, where f is the frequency in 
lWMic./sec. 

The value of f for which reflection occurs where N = Nmax is called the critical 
\requency j, for the region. It follows that 


|\ small increase of f over f, will cause the wave to penetrate the region: 

The absorption coefficient « involves the collision frequency v of the electrons 

avith neutral molecules. It is customary to assume that v varies exponentially 

lvith height, so that 

= VCR, oe La Pe TE ae (10) 
vhere vp is the value of v at z=0, that is at height hy. 

"It is now desired to show how the total absorption varies with frequency and 

‘vith the zenith angle of the sun for waves reflected from, or transmitted by, such 

| region. 

| The total absorption is | as, where the integral is taken along the whole 

jrajectory of the wave. Thus from (2), (5), (7), (8), (10) we find for vertical 

incidence 


yas, 
[xas— 2: P ds 


cp 
a “aio | exp $(1 —3z—sec xe~*) ee, (11) 
2ef? J /{1—(forlf*)exp2(1—z—secxe*)} 
ivhere 
SUN LEM OR RR he (12) 


The integral can be put in a simple form involving the single parameter 


ao x 4 ve (13) 


It is convenient also to use the notation 


=, fer f 14 
b= pi A 2) = ee peal) Gia cote: (14) 
ind to make the substitution 
i Weis secy iene © ee) Os (15) 
jn (11). This then becomes 
eye pune | ee Ake (16 
| es csecx/ \/(1— bye)’ ee) 


The integral has to be evaluated numerically between limits specified by the 
}ractical problem under consideration. There are three important cases to be 
4onsidered. 


go FG GONG: 


(i) A wave for which f <f, is propagated vertically upwards from a level at which ph 
effectively unity | 


i} 
| 

i) 
iy 


In this case the wave is reflected from the level given by the greater root yj} 
the equation 


bye v= ie sieverel ane (17) i} be 
The value z, of z corresponding to this value of y is by (15) | 
g,=In(4secy)—2Iny,, ss eee (18) : 
and the height h, of the level of reflection above the earth’s surface is by (2) | i 


h,=ho+HIn(hsecy)—2H ny wn nee (19) |} 
Values of , for various values of f/f, are given in table 1. 1} 


The total absorption in the wave thus reflected and returned to its starting 
point is by (16) 


voll {i \o et (20) 

esecy “\fp/” | 
where | 
f ) | pa a se |) 

F,(=)=46| ——{———,.. Beiedet 21) | 

1G; nV (1—bye) ae | 


~ Numerical values of the function F, for various values of f/f, are given : 
table 1. Some remarks on the evaluation of the integral are made in §7. T 
integral is divergent for f=f,. 


Table 1 
Reflection from below Reflection from above 

Fike V1 FG) ra tia) V2 FAf/f.)  Plflfc) pil fife) | 
0:0 ore) 4-000 0-0 0-0 0-0 5°545 0:0 
0:05 2:805 4-252 0-354 0-001 0-000 5-545 0:003 
0-1 2:526 4-310 0-438 0-004 0-000 5-545 0-010 Ih} 
0-15 2:344 4-360 0-510 0-010 0-000 5-546 0-023 Ih} 
0:2 2-204 4-408 0:578 0-017 0-001 5°547 0-041 
0-25 2-087 4-454 0-646 0-027 0-003 5-550 0-064 
0-3 1-985 4-502 0-716 0-039 0-006 5-555 0-094 
0:35 1-893 4-552 0-789 0-053 0-012 5-564 0-129 
0:4 1-809 4-606 0-867 0-069 0-020 5-577 0-172 
0:45 1-730 4-663 0-952 0:088 0:033 5-597 0:222 
0:5 1-654 4:726 1-046 0-108 0-051 5-625 0-281 
0-55 1-581 4-796 1-150 0:132 0:076 5-664 0-351 | 
0:6 1-510 4:°875 1-269 0:158 0:110 Bar/l7 0-432 
0:65 1-440 4-966 1-407 0-188 0:156 5-790 0-528 
0:7 1-369 5-073 1-570 0:221 0:219 5-890 0-643 
0:75 1-297 5-203 1:771 0:258 0-305 6-027 0:782 
0:8 12222 5-367 2:027 0-300 0:426 6:220 0°958 
0:85 1-142 5-588 2:376 0-350 0-604 6:507 1:189 
0:9 1-053 5-913 2-901 0-411 0-887 6:971 1-522 
0-92 1-013 6:099 3-207 0-441 1°057 7-252 1-708 
0-94 0-969 6°346 SHG | 0-475 1-287 7-639 1-950 

. 0:95 0-944 6:506 3-885 0-494 1-438 7:895 2-105 

10-96 0-918 6:704 4-222 0:516 1-629 8-221 2°296 — 


0-98 0-854. 7341 «5-328 0-570 -2:249 9-304. 2-901 
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‘|n) A wave for which f >f, is propagated vertically upwards from a level at which wis 
| - effectively unity 


') ‘The wave will pass through the region and is assumed to be reflected down- 
.vards by a distinct upper region. ‘The total absorption in the double passage of 
‘the lower region* is 


volt ale 5 an (22) 
c sec y ai 
ivhere 
£) = te” dy P 
F — = 40 | zr sitetetre ete 23 
G o V(1— bye) ce 


‘ =©Numerical values of F are given in table 2. 
Using (13) and (14), (22) may be put in the alternative form 


vif (sec yy 22 (4 ) bid al. phaser (24) 
vhere 
5(4) 7 vo p(£). rept (25) 


Values of the function ® are also given in table 2. In the form (25) it appears 


Table 2. ‘Transmission 


filf | F(f./f) OSI) P(felf) (Self) 


0-0 0-000 4-133 0-000 0-000 
0-05 0-010 4-136 0-010 0-003 
0-1 0-041 4-146 | 0-042 0-013 
0-15 0-094 4-164 0-094 0-030 
0-2 0-168 4-188 0-169 0-055 
0-25 0-264 4-221 0-267 0-087 
0:3 0-384 4-262 0-390 0-127 
0-35 0-528 pees Gees) 0-540 Oeil 7/7/ 
0-4 0-700 ASW. 0-720 0-236 
0-45 0-900 4-447 0-934 0-308 
0°5 1-134 4-534 1-187 0-394 
0:55 1-403 4-639 1-485 0-497 
0-6 iLSgAilSs 4-765 1-839 0-621 
0-65 2-078 4-917 2-261 0-771 
0-7 2°501 SOLOS 2°771 0-956 
0°75 3-005 57341 3-398 1-189 
0:8 3-616 5:649 4-195 1-493 
0-85 4-387 6-073 e250 (haga 
Oe, 5-436 Oxr/iial 6-796 Dea 
O92 AQ 7-080 7°658 2-909 
0-94 6-689 TOTS, 8-780 3-396 
0:95 7°120 7°889 9-496 S713 
0:96 7°637 8-287 \| 10:375 4-108 


0-98 9-183 9-562 13-125 5:378 


* The absorption in the upper region is to be calculated from (20) and added to this. 


92 FT. Cn jaecer 


4:13y)H a (sec) | eee (26); 
er ! 


This relation has been used by Best and Ratcliffe (1928) in a discussion of ti Y 
experimental results. At lower frequencies it appears from (22) and (23) that t 
(sec y)-3 law in (26) does not hold, but it also follows quite generally that it fife 1s a 


frequency, the total absorption varies as cosy. Thus to study the variation } 
absorption due to the variation in position of the sun it is desirable to experimeg | 
at a frequency which is a constant multiple of the critical frequency. 


(iti) A wave for which f <f,, is propagated vertically downwards from above the lays 
from a level at which x ts effectively unity 


This case arises in an M reflection, or if waves are emitted from a source abowyy 
the layer. Since the Chapman region is unsymmetrical, the absorption in thl¥ 
case will be different from that for a wave of the same frequency reflected from thi? 
lower side of the region, and it is of some interest* to determine the amount 
this difference. 

The level of reflection is now given by yo, the least root of (17): values of th 
are given in table 1. 

The total absorption is given by 


Pe IE) eC) | : 


c sec x 
where 


f ) | ey es aay 
(= )= Sa nnn ear, Ce 2 
r(7) =) ype a 


Values of F, are given in table 1. It appears that the absorption is much les : 
than that for a wave of the same frequency reflected from the lower side of thdfi 
region. 


§4. THE EQUIVALENT PATH 
‘The equivalent path of the waves in the region is 
ds 
[ b) 


where p is given by (5) and (7). Since, in all the cases in which we are interested 
the path begins and ends in regions where p is nearly unity, it is better to evaluated 
the excess of equivalent path over distance traversed, that is 


{(E- 1) as ahs (30) 


* It has been shown by Bagge (1943) that the ion density in the upper parts of the region 
will be reduced by diffusion to values much lower than the theoretical Chapmian values. Thus} 
the results given here will not correspond to the practical case at low frequencies. 


‘So 


; 
al 
| 
i 
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Using the notation of §3,:and making the substitutions used there, this 


\2cOMeES 
. dy 1 
22 ee eee te le eet 31 
| ae i} ce 


Then in the three cases of §3 the results are as follows: 


fase (1). f<f,. Reflection from below 


| The excess of equivalent path over distance traversed with which the wave 
turns to its starting-point is HP,(f/f,), where 


OG) enema oh 2) 


jd y, is the greater root of (17). _, and P,(f/f,) are given in table 1. The actual 
jjuivalent path from the earth’s surface to the layer and back is, by (19), 


2ho+2H In(4sec x) 4H Iny, + HP,( f/f,). seed) 
lase (ii). f>f,. Penetration 


Nf 
fh 


The excess of ies path over distance in a double passage of the region 


HP( fff), where 
»(4)- ae enue thee ~i}, ve eees (34) 


Values of P(f,/f) are given in table 2. 


ase (iii). f<f,. Reflection from above 


_ The excess of equivalent path over distance is HP,(f/f,), where 


P,(£) =4[ 2) ay - 1} Cae (35) 


gid y, is the least root of (17). Values of y, and P, are given in table 1; it appears 
Hat P, is much greater than P,. 


. COMPARISON WITH RESULTS FOR A PARABOLIC DISTRIBUTION 
OF IONIZATION OVER A REGION OF THICKNESS 2y, 

| The parabolic distribution has been widely studied because of its simplicity. 

lhe results have been given by Appleton (1937) and are as follows. 

1 In the case f>f, in which the wave penetrates the region, the excess a 

juivalent path over distance in a double passage is y,p(J./f), where 


Ee sell: 
al Ae | eee (36) 
The quantity p(f,/f) is shown in the last column of table 2 for comparison with 
le corresponding quantity P(f,/f) for the Chapman region. Since equivalent 
laths in the two cases are expressed in terms of the thickness 2y,, and the scale 


lut the ratio p: P may be seen to decrease steadily from 0-41 when f,/f=0-98 to 
132 when /,/f=90-1. 


| 
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It may be remarked that the Chapman distribution (5) has two points ||) 


inflexion, and that the vertical distance between these is independent of yx aq 
equal to 


Thus if a Chapman region were approximated to by a parabolic distribution, thi. 
thickness 2y,, of the latter would be of the order of, but greater than, 2-63H. 
For the parabolic distribution, if f<f,, the wave is reflected at a height - 


LV) an a 
ee F | (37) 


above the bottom of the layer, and the equivalent path from the bottom of the lays |i 
to the level of reflection and back is i} 


q 
| 
a 


H 
iw |) 


From (37) and (38) the excess of equivalent path over distance for a way | 
reflected from the layer may be calculated. Writing this in the form y,,p,(f/fall 
the quantity p,(//f,) is given in the last column of table 1 for comparison with t Hf 
corresponding quantities P,(f/f,) and P,(f/f,) for reflection from the under a qe 
upper sides of a Chapman region. It appears that there are large difference ti 
between the three curves. We 


§6. COMPARISON WITH EXPERIMENTAL P’,f CURVES r 


There are two cases to be considered, according to whether the wave is reflectel 
from the lowest layer of the ionosphere or passes through this and is reflected fro | 
a higher layer. 


(i) Reflection from a region of scale height H at height hy teh 
In this case the equivalent path P’ is by (33) : | 


P' =2h,+2H In (4sec y)—4H Iny,+ HP, (f/f), ot... (39M i 
where y, and P, are given in table 1. Measurements of an experimental P’, ! 
curve at two values of f/f, give two equations from which /, and H can be foun i 


(ii) The wave passes through a region of scale height Hy and critical frequency f, | 


and 1s reflected from a higher region of scale height H at height hy who y"° 
critical frequency 1s f, ti 


‘ \ 
In this case li 


P! =2ho+2H In (3 sec x)—4H Iny,+HP,( f/f.) + HeP(faelf), ...... (40) 
where y, and P, are given in table 1 and Pintable 2. In this case measureme 
of three points on an experimental P’, f curve will give the values of ho, H and Hal} 
§7. EVALUATION OF THE INTEGRALS 


This offers no particular difficulty. The integrals are readily transformed 
into forms suited to numerical integration, and series expansions are also availably 
which give satisfactory convergence for most of the values of f/f, | 


t 
i 
Wt 
a] | 
a) | 
} 
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| In the case of penetration the series expansions are 


PJof)= 2 by OU (bmn eee (41) 
PURE EIT, as, (42) 
‘Hiere : 
Bien) 4 
on = TRE fe Cie es RU op (43) 


_ In the reflection case the roots y, and y, of (17) may be found from tables of 
-v* or of the derivative of the error function. The series expansions are rather 
fore complicated; for example, for reflection from the lower side of the region, 


2 Dnt Hem ad | 
Pi( ff.) = Be 2 Hy (Qn+ jens erfc[¥,(2n+ 1)?] 


ia ee < (Uae; 


443 
n= 1 (2y,?)” peo te 


(on) = — 27 — 4) oa — 2-2), (75 Ll, 

id c, is defined in (43). The most important of the numerical series which 
ypear in (44) as coefficients of y,-?” can be summed accurately; the others are 
sily estimated numerically. 

For reflection from the upper side of the region a series for y, is available 
sromwich (1926), p. 161), and this leads easily to series expansions for F, and Py. 


here 


§8. EXTENSION TO HIGHER VALUES OF THE 
COLLISION FREQUENCY 
Throughout the above work it has been assumed that v?<47?f?. This 
lation is normally satisfied in E- and F-regions, but it is probable that it will not 
jidin D-region. ‘This point is of some importance in connection with the study 
‘absorption. Most workers, e.g. White and Straker (1939), use the Best and 
atcliffe formula (26) for the study of diurnal and seasonal variation of absorption, 
smarking that if much of the absorption takes place in D- region this formula, 
ad in particular the (cos x)*” law, will not hold good. 

It is thus of some interest to study absorption at relatively high values of the 
plision frequency. ‘There is no difficulty in extending the above numerical 
ork to this case, but for a region in which yp is nearly unity, a simple extension of 
1e Best and Ratcliffe formula (26) is easily obtained, and this should be sufficient 
yr the discussion of experimental results. 
| To derive this we assume f >f,, so that yw is nearly unity, but we do not neglect 
2/4272. Then (8) is replaced by 

2re2Nv 
~ me(4n2f? + v?)’ 
Using the values (5) and (10) of N and », this gives for a double traverse of the 
2gion. 


476? Novy if exp (4 = —tsec ye“) dz 
mec ee 4? f? + vy2e- 


| Kds = 


96 J: Coyaegen 


Making: the substitution (15), this becomes 


{ nds = ae (gcc yy? (45) | 
rh yre¥ dy v dy it 
where [=4f?,/(2e) ke as | eee Sa | 
ae gu US a (47) 
Y% 
It is found after some reduction that : 
I=4rBtei{[4 —C(B)] cosB+[4—S(B)]sinB},  «..... (48) | 
where C(8) and S(f) are a Fresnel integrals 1 
cos t sint 4 i 
C mI dt, e =| Ee 49) || 


which.are tabulated in ats ua (1933). |e 
For large values of 8, that is 27f > v9, J has the value 4-133, and we regain (26) 5 
The behaviour of / for other values of 8 may be seen from table 3. 


Table 3 j 
Mk 
B I B I B I li 
0-0 0-000 2:5 3-093 8 3-931 nia 
0-5 1-109 3-0 3-287 10 3-996 : 
1-0 1-919 4-0 3-547 15. 4-067 : 

) 15 2-463. | 5-0 3-706. 20 4-095 | 

| 2:0 2-828 6-0 3-810 2 4-133 


Since J is an increasing function of £ and thus of sec x, it follows that if | «d 
is plotted against (cos y)*” the resulting curve will not be the straight line given by} 
(26) but will be concave downwards, the amount of the concavity being an indi 
cation of the amount of absorption taking place in regions where the collision 
frequency is high. ‘The presence of a D-region of Chapman type will also hava}, 
the effect of diminishing the ratio of summer to winter absorption. 

Finally it should be remarked that although the effects of the earth’s magnetid} 
field have been neglected throughout, the results apply in the usual way to the I 
important case of quasi-longitudinal propagation provided f is replaced b | 
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\4BSTRACT. The application of the Sellmeyer and Lorentz dispersion formulae to the 
froblem of oblique reflection of radio waves from a parabolic type of layer is discussed. 
‘The work of Ratcliffe on the problem is extended and shown to be consistent with that of 
ii. Smith. This theoretical analysis has been applied to a large number of experimental 
@haeasurements of the maximum usable frequency at oblique incidence. 

| The results of two sets of measurements of the maximum usable frequency over distances 
}f 1000 km. and 700 km. are in close agreement with values calculated from the Sellmeyer 
type of formula. In the case of the 1000 km. observations, the divergence between cal- 
julated and observed values is less than 0-2 of what it should be if the Lorentz formula 
Ipplied. In the case of more accurate measurements over a distance of 700 km., the mean 
tivergence between calculated and observed values is only about 0-03 of that which should 
ecur on the basis of the Lorentz formula. These experimental results are thus in agree- 
faent with the theoretical conclusion of Darwin, that the Sellmeyer type of formula is 
pplicable to the case of refraction of radio waves in the ionosphere. 


§1. INTRODUCTION 


' ij HE question whether the Sellmeyer formula 


Sy eee 4 Ne? 
: mp? 


ir the Lorentz formula 

| 3(u2—-1) _ —4nNe? 

(222) ae 

1 hould be applied to the case of refraction in an ionised medium has been examined 
from the theoretical point of view by Darwin (1934, 1943). From the experimental 
Gide the problem has been considered by Booker (1938), Martyn (1938, 1939), 
Hatcliffe (1939), Smith (1941) and others. Darwin’s theoretical analysis 
adicates that the simple Sellmeyer formula should be applicable, but the available 
| xperimen tal evidence has not yet been conclusive. From experiments on medium 
l-equencies, Booker and Berkner concluded that it would be extremely difficult 
interpret their results in terms of the Sellmeyer theory. Martyn and Munro 
ilso considered frequencies near the gyro-magnetic frequency, but concluded that 
Hoe Sellmeyer theory was applicable. The experimental and theoretical work of 
j.atcliffe led to no conclusive result, whilst similar work by Smith again suggests 
jnat the Sellmeyer formula was appropriate to ionosphere theory. 

In the present paper the theoretical work of Ratcliffe has been extended and 
ihown to be consistent with that of Smith. ‘lhe results of some oblique-incidence 


+ This paper was originally communicated to the Radio Research Board in 1943, 
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ionospheric measurements are also considered. These results appear capable 
explanation only in terms cf the Sellmeyer formula. 


§2. EARLIER WORK OF RATCLIFFE AND OF SMITH 


The effect of including or omitting the so-called Lorentz polarisation term 
oblique incidence problems has been discussed by Ratcliffe (1939) and by Smugi® 
(1941). Ratcliffe considered-an ionosphere with a parabolic gradient of ionisaal i 
and concluded that at very short or very long distances there would be no marke} 
difference between the magnitude of the maximum usable frequency calcula 
from either formula. He states that for region F, the greatest divergence betwaa 
the two cases could only amount to about 2%. This would occur for a sende} 
receiver distance of about 500km., so that in practice the accuracy of measuremen}f} 
would probably not be sufficient to decide between the two thecries. In faci 


; i See 1 
an attempt to apply the analysis to the results of some oblique-incidence expe | 
| q 

} 


ments for a sender-receiver distance of 464 km. was unsuccessful. On the oth 
hand, Smith (1941), from an analysis of the same problem, concluded that th 
divergence between the two calculated values of the maximum usable frequend 
would progressively increase with increasing distance. For limiting distances ¢ 
1500km. to 3000km., Smith’s analysis indicated that for transmissions bf 
region E there should be a difference between maximum usable frequencié 
calculated from the Sellmeyer and Lorentz formulae of some 19° and for tran 
mission by region F, a difference of about 17%. From the calculations give 
below, it seems that the different results given by Ratcliffe and by Smith arose fror 
the fact that Ratcliffe confined his calculations to comparatively short distance} 
Applied to larger distances the formulae of Ratcliffe show that the differen 
between maximum usable frequencies calculated from the Sellmeyer and Lorentfi 
formulae is quite large and of the order stated by Smith. 


§3. CALCULATION OF THE MAXIMUM USABLE FREQUENCY 
(M.U.F.) FACTOR CURVE 


(a) Case of plane earth and ionosphere. Lorentz formula 

It will be convenient to reconsider briefly the analysis given by Ratcliffe and t 
examine the extension of his formulae to greater distances. The effect of thi 
earth’s magnetic field will be neglected, and initially the earth and ionosphere a 
considered to be plane. The nomenclature will be similar to that used by 
Ratcliffe. ‘The ionosphere is assumed to have a parabolic gradient of ionisatioll 


where ps is the refractive index at distance z below the level of maximum ionisatio}f. 
density ; il 


en fee, 


f is the frequency under consideration and f® the normal-incidence criti 
frequency of the reflecting region. 
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The horizontal range D, corresponding to the portion of the path in the layer 
sof a frequency f incident at angle 7, (figure 1) is then given by 


D,=2 ee da=2[ te mes 


w=1 = V p2—s 
| =25(2-+5*)H(1+22)'| Fy x)— E(x), eee. (1) 
where $=Sit,, = €=)//°, 
gies 2 
= Site ey =sin eee ’ 
py ems 9 2a7+s*b? 


(QE S\i2e2)? ~~ 2st 


i (k,x) and E(k, x) can readily be evaluated from the usual tables of elliptic 
Sintegrals. 


Figure 1. 


The total range D is given by 
De Det etanty, fel | oo. asks eee (2) 
1h, being the height of the lower edge of the layer above the ground. We now plot 
the relation between D and 1) for a particular fixed value of ¢ and so find when the 


range is a minimum. ‘This gives us the maximum usable frequency for that 
particular range. 


(b) Case of plane earth and ionosphere. Sellmeyer formula 
_ For a parabolic layer in which the Lorentz term is assumed to be zero, the 
horizontal range is given by 
Dat Dee = a ee ee (3) 
1 —ecosity 


In this case the M.U.F. curve can readily be deduced without plotting (D, 7) curves 
by the method given by Appleton and Beynon (1940, 1947). 


(c) The equivalent height measured at normal incidence 

In practice the calculation of the m.u.F. factor curve is based on normal- 
lincidence equivalent-height measurements. It is therefore necessary to examine 
ithe form of the (equivalent-height, frequency) curve to be expected from each of 
\the two theories. 


1 i 
/ 
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Lorentz formula | 
In this case Ratcliffe has shown that for a layer of parabolic type the equivaleng 
height in the layer at normal incidence is given by 


aa 6=n/2 
{ =,/—,| (1 42)B(h,8) —(1~2<2)F(b8) | — $k?, 
(6. 0= [af a+ 4eyete, 1-22), —§ 
eiees (4) 
k and e having the same significance as before. 
Sellmeyer formula 
In this case the corresponding formula is 
(Pate , 
W(6,0)=§ lor.(7**), aoa (5) 


Figure 2 shows the equivalent height in the layer calculated from equations (4) 
and(5). It will be noted that the difference between the two cases is small. If weil) 


py 


25 


20 


= 
aH 


> 
Ss 


Lorentz + 


Eguivalent height Ae) in layer 


M.U.F. Factor Vf? 


Lorentz A 


500 /000 /500 


as 


0304), 05 06, 07 = 08 | 09°70 ( 
Ce Ye Distance Km. 
Figure 2. Normal incidence (h’, €) curves. Figure 3. m.u.F. factor curves. 
Lorentz and Sellmeyer formulae. Plane earth and ionosphere. 


denote the semi-thickness of the region by y,, then the maximum difference at an\ 
frequency only amounts to about 0'11y,,. In fact the change from the Sellmeyer 
curve to the Lorentz curve can be simulated by small changes in the level of maxi- 
mum ionisation density and in the semi-thickness of the region. Examination o 
figure 2 shows that if application of the Lorentz formula to any given experimental 
vertical incidence (h’, f) curve, yields a level of maximum ionisation, say ho + Ym 
and a semi-thickness y,,, then application of the Sellmeyer formula to the same 
curve would approximately yield a level of maximum ionisation of hy +0°89y,, 


| 
} . . . . . . 
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id a semi-thickness of 0-93y,,. Hence, in comparing m.u.F. factor curves 
ecalculated from the two theories, we must really compare the Lorentz M.U.F. factor 
purve for a level of maximum hy +y,, and semi-thickness y,, with the Sellmeyer 
feurve corresponding to a level of maximum A, + 0:89y,, and semi-thickness 0-93y,,. 
j}*igure 3 shows four M.U.F. factor curves, two for region E and two for typical 
jegion F, conditions. One curve in each pair corresponds to the Lorentz formula 
ind one to the Sellmeyer formula. It will be noted that for distances less than 
(ibout 500 km. for region F,, the difference between the two cases is small, but the 
livergence steadily increases with distance, and at 1000km. amounts to WAG Le. 


jfor region E the divergence is much larger than for region F at all distances. 
‘These calculations have assumed a plane earth and ionosphere, and rigid appli- 


ji:ation of the results is really confined to distances for which earth-curvature effects 
ure negligible. Any correction to these results for earth and ionosphere curvature 
tvill, however, affect the Sellmeyer and Lorentz curves to about the same order, 
iind it is found that the ratios of m.u.¥F. factors to be deduced from the curves in 
figure 3 are really valid up to about 1000km. We now consider some modifica- 
‘ions of these formulae which will compensate approximately for the effect of earth 
nd ionosphere curvature. 


‘d) Case of curved earth and tonosphere. Lorentz formula 
Again we consider a parabolic type of layer, the height of the lower edge 
peing hy. 

Let w represent the refractive index at radial distance 7 from the centre of the 
arth. Then if y represents the angle at the centre of the earth corresponding 
To the part range D, (figure 4) we have 
Dy=Ry=R {ose __, ae) 
i TA/(u2r? — R3 sin? iy) 

(> =R+h), R being the radius of the earth. 
u @6© As before we set 


if R,, be the radius of curvature corresponding to the level of maximum ionisation 
hen zs=R,,—r. Equation (6) then becomes 

— ear en) 
(Ry —2)42 = a iR ot 
j m 
inexplicit solution for D, necessitates some simplification of this integral, and in 
his connection it is relevant to note the magnitude of the horizontal range in which 
4ve shall be interested. In the present application of the formulae we shall only be 
foncerned with transmission distances up to 1000km. If we assume that the 
Hffect of earth and ionosphere curvature is of the same order of magnitude in the 
lsellmeyer and Lorentz cases, then it is easy to show that the curvature correction 
lo the part range D, only amounts to about 15km. for a total range of 1000km. 
at the maximum range in which we shall be interested, the order of the curvature 
orrection for the part range D, is thus only 1:5% of the total range. Hence, for 
resent purposes a solution for D, which includes a first-order curvature correction 
vill be adequate. 


DR 


102 W. F. G. Beynon 


A solution of equation (7) valid to terms in 1/R,,, is 


ae (8) | 
where = Site Ee: ; fetes STRITIS ; 
c= if", sy = SO 


m 


is out of the ionosphere can be obtained from 


D,=2Rx2, 


where x, is given in 


~o a fs. (9) 


Equations (8) and (9) give the total range D, and maximum usable frequencies can} 
now be calculated in the manner noted previously. 


: 
: 
(e) Case of curved earth and ionosphere. Sellmeyer formula . 


In this case the solution for any type of parabolic layer has been given byf 
Appleton and Beynon (1940, 1947), and details of the method have been described} 
elsewhere. 

Figure 5 shows M.vu.F. factor curves for typical conditions for regions E and F, 
calculated from formulae (8) and (9) above. Corresponding curves, for the Sell-4 
* meyer formula are also included in this figure. Table 1 gives the ratios of th 
M.U.F. factor calculated from the Lorentz formula to that calculated from the 
Sellmeyer formula for a series of distances and for reflections from region F, 
Column (2) in table 1 shows ratios calculated from the Lorentz and Sellmeye 
formulae for a parabolic layer, with the constants y,,=100km. and hy = 200k ) 


Oblique radio transmission in the ionosphere 103 


) he values shown in column (3) compare m.vu.F. factors fora layer with y,, =70km 

=% = 230 km. in the Lorentz case, with m.u.r. factors for a layer with i 00 em, 
9 = 227 km. in the Sellmeyer case (vide § 3 (c)). For purposes of aumperon 
ratios deduced from the work of Smith (1941) are also included in the table. | 


‘Table 1 
(ie Ee se ee ae Se, ee 


Region F, 


M.U.F. factor (Lorentz formula) 
M.U.F. factor (Sellmeyer formula) 


Distance 
(km.) hy Ma eee Ratio of M.U.F. 
“he =230 km. f (L) factors 
Vm=100 km. (Smith) 
SO a pe eee 
hp=227 at (S) 
500 1-01 1-01 1:01 
700 1-06 1-06 1:04 
1000 1-13 1:13 1-12 
1500 1:19 1:17 1:15 
2000 1:20 1:18 1-46 


40 


w 
is) 


’ 
M.U.F Factor Ye 


Distance Km 


Figure 5. m.u.F. factor curves. Curved earth and ionosphere. 


| For any given reflecting region the magnitude of these ratios depends to a small 
-extent on the particular values which are assumed for the layer parameters y,, and 
Ay, but it will be noted that the present calculations are in substantial agreement 
with those of Smith. At 700km. we should expect the M.U.F. factor calculated 
from the Lorentz formula to exceed that calculated from the Sellmeyer formula 
by about 15% for region E and by 4% to 6% for region F,. At 1000km. the 
difference amounts to 17%, for region E and to 13% for region F,. ‘The divergence 
between the results of Ratcliffe and of Smith appears to have arisen because 
Ratcliffe’s calculations were confined to the shorter distances at which the differ- 
ences between values calculated from the two dispersion formulae for region F, 


are certainly very small. 
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§4. COMPARISON WITH EXPERIMENTAL RESULTS 


Reference to the curves of figure 5 shows that the divergence between the twqp 
theories is most marked in the m.u.F. factor curves for region E. Accurat@| 
measurements of the M.U.F. of region E should, therefore, provide a more sensitivé 
test for deciding between the two theories than similar measurements on region F)} 
In practice, however, measurements of the M.uU.F. of the normal region E are 
seldom possible because, in this latitude at least, oblique-incidence reflections 
from normal region E are often masked by abnormal region-E reflections. “Thai 
extremely variable nature of abnormal region-E reflections both at normal and aq) 
oblique incidence makes any accurate measure of the M.U.F. factor for this regior 
extremely difficult, if not impossible. The experimental results are thereford) 
only concerned with measurement of the maximum usable frequency of region F3j} 

In two recent series of experiments, details of which are in course of publicationgy) 
measurements of the maximum usable frequency for region F, have been made ovew 
distances of 1000km. and 700km. respectively, and we now consider the results 
of these experiments in relation to the foregoing analysis. a\| 


i 


(a) Observations on Zeesen broadcasting senders | 
In these experiments observations were made on the signal received at Slough] 
from the Zeesen high-frequency broadcasting station situated approximately} 
1000km. due east of the receiving site. Vertical-incidence ionospheric data were 
available only at the receiving end of the transmission path, and conditions at the} 
mid-point were deduced from these observations. Values of the maxim 
usable frequency were estimated from the times of appearance and disappearance} 
of the ray signal at sunrise and sunset. From a group of thirty-two observations} 
it was concluded that the mean calculated value of the M.u.F. was less than that} 
observed by 3:2°%. It was realised, however, that the accuracy of these measure 
ments was limited because of the lack of accurate ionospheric data at the mid-poin 
of the trajectory, and much of the discrepancy seemed due to this cause. Fro 
the results of a group of twenty-one observations which were considered most] 
reliable, it was deduced that the mean difference between observed and calculated 
M.U.F.s did not exceed about 2°4. Now from table 1 it will be noted that for 
sender-receiver distance of 1000 km. we should expect a difference of 12 to 13% 
between maximum usable frequencies calculated from the Lorentz and Sellmeye 
formulae aca The fact that, in actual practice, agreement at least to 
within about 2° was obtained with values calculated on the Sellmeyer formula, 
indicates that thie is the formula which is applicable to the ionosphere.* 


(b) Actual measurement of the maximum usable frequency using pulse technique 

In these experiments a large number of accurate observations of the maximum | 
usable frequency over a sender-receiver distance of 715km. were made usin 
pulse technique. Vertical-incidence data obtained simultaneously with th 
oblique observations were available at both ends of the transmission path. The 
frequency radiated by the pulse sender could be varied at will and maximum 
usable frequency measurements made at any time. The use of pulse techniqu 


* The results of a subsequent series of similar measurents over a distance of 2500 km. are 
also consistent with this conclusion. : 
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saabled the maximum usable frequency of either the ordinary or extraordinary 
jemponent to be actually observed visually or photographically recorded, and this, 
| gether with the fact that adequate ionospheric data for both ends were available, 
ives these results considerably greater accuracy than those quoted above. 

Here again the observed maximum usable frequency was compared with that 
jalculated from the vertical incidence ionospheric data on the basis of the Sellmeyer 
ole. The calculated value was taken to be the arithmetic mean of that cal- 
jalated from the prevailing ionospheric conditions at the two ends of the path. 

For a series of 110 measurements it was found that 50 observations showed an 
Sverage error of +3-:8%, 56 observations an average error of —3-75°% and 4 
“servations showed negligible error. Occasionally the divergence was much in 
excess of these average figures, but positive and negative discrepancies were equally 
equent, and it is fairly certain that these errors were due to inaccurate knowledge 
@f conditions at the mid-point of the trajectory. From the results of these 110 
@xperiments it was found that the mean of all the calculated values agreed with the 
jnean observed value to within about —0-2%. For this distance of transmission 
41e Sellmeyer and Lorentz formulae yield calculated M.U.F.s differing by about 6% 
jable 1). The divergence from the Sellmeyer calculated-value is thus approxi- 
jately only 1/30th of what it should be if the Lorentz formula is applicable. The 
9xtremely small divergence between experimental values and the values calculated 
dn the basis of a Sellmeyer formula again agrees with the conclusion that this is the 
“ype of formula which is valid for the ionosphere. 

| It may be noted that in both series of experiments the calculated value is 
dightly less than that observed, but it is doubtful whether this difference ‘s signifi- 
Jantly different from zero. Further experimental measurements will be necessary 
#efore this point can be settled. In.any case the divergence is less than one-fifth 
¥f what is required if the Lorentz formula is applicable. 


Y 


§5. CONCLUSIONS 
The results of two series of measurements on the maximum usable frequency 
ver distances of 1000km. and 700km. are in very close agreement with values 
jalculated in the basis of the Sellmeyer dispersion formula. ‘The results are in 
greement with those given earlier by Smith and with the theoretical conclusions 
f£ Darwin. 


APPENDIX 
\Vote on calculation of part-range D, (Lorentz formula. Curved ionosphere) 
We have 


i, - Dea sears LR bdo: a4 a \a z—a- Rosin’ t ‘ee —2) + 
| oo He fe : = ? pee Rep IG ; 


_— 


n 


[Co terms in 1/R,,, this can be written 


ie 22 Rec f( b2— 3°) or Ge ) a 
po (2+8)ERR Us, \2*- 6 
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where 
Ry sin ty  __'b?s§ + 2a? 
59 = ae? Nae ey, ERY 
Re 4+ Ti) 
and 2, is given by 
a 2. 


b> 2 - R,,(2 ‘5 ry) 


The three integrals in equation (11) can readily be evaluated. An expression ft 
D, accurate to terms in 1/R,, 1s then found to be 


2R Ry sinitg 1 4.2¢2)4 | il 
a oe +2e?)?| F(R, y)— E(k, 
Dim Parga (0 +20) | Fle) — Hh | | 
fe eR Oe mars 5-3) 8 (3) i ae an . (12) | 
Ri(Z + 54) 2\2 - 5 4 2 +83 2 + So 0; y 
where 


ee ae Pe 
Si ye 
Ei 3 


oy J{U422@—2pC+) 
B=sin (Cee Sa 


2 2 2 
C= sin, [5 —Gewsi, [28 20 ; 
aes R,,(2 +s?) 


a 
9 D 


m 


= 6e? 
~ (2+52)(1 + 2e) ° 
It will be noted that 0, is very small and the principal term in 1/R,,, in equation (12 


is that containing cot 6,. 
Now 


Rk 


ere eta (CER (LCE 
> Nees IR es oa ee 
oe eee 0 0 


Substitution in (12) thus gives 
_ 2R Rysiniy A a. B $ / 2 
Dy= me ye + 2e ) | Fe) E(k, | + 359€ R,,co(2+52)3 5 


An examination of the magnitude of the term of order 1 /R, in either equation (12 
or (13) shows that the error in D, introduced by neglecting this term is very small 
It is found that for a layer of semi-thickness 100 km., terms in 1/R,, in equation (12} 
contribute 2km. to a total range of 700km., 5km. to a total range of 1000 km. and 
18km. to a total range of 2000km. For a thinner layer the contribution of these 
terms is proportionately less. It is thus to be expected that values of the total rangé 
involving the part-range D, calculated from equation (13), should be accurate 
to better than0-1% at all distances. Furthermore, the error involved in neglectis 
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rms of order 1/R,, and using the simple formula 


f 
| 
) 


| approximately only 0-5°% fora total distance of about 1000 km. 


| 


a 2k Ry SIN Zg ae ia B 
Dim age 2 | PB  oae. a4) 


lod 


ACKNOWLEDGMENT 
The work described in this paper was carried out as part of the programme of 


REFERENCES 


G)PPLETON, E. V. and Beynon, W. J. G., 1940. ‘‘ The Application of Ionospheric Data to 
Radio-Communication Problems.”’—Part I. Proc. Phys. Soc., 52, 518; Part II, 1947. 
Ibid., 59, 58. 

00KER, H. G. and Berxner, L. V., 1938. ‘“‘ Constitution of the Ionosphere and the 
| Lorentz Polarisation Correction.”’ Nature, Lond., 141, 562. 

V/ARWIN, C. G., 1934. ‘‘ The Refractive Index of an Ionised Medium.”’ Proc. Roy. Soc., 
146, 17; Part II, 1943. Jbid., 182, 152. 

TMARTYN, D. F. and Munro, G. H., 1938. ‘‘ The Lorentz Polarisation Term and the 
Earth’s Magnetic Field in the Ionosphere.’ Nature, Lond., 141, 159; 1939. ‘“‘ The 
‘Lorentz Polarisation Correction in the Ionosphere.” Terr. Mag. Atmos. Elect., 


44, 1. 

0 ATCLIFFE, J. A., 1939. ‘“‘ The Effect of the Lorentz Polarisation Term in Ionospheric 
Calculations.” Proc. Phys. Soc., 51, 747. 

TMiTH, N., 1941. ‘“‘ Oblique Incidence Transmission and the Lorentz Polarisation 


Term.” Bur. Stand. 7. Res. Wash., 26, 105. 


ON Gite SPECTRA OF CS AND °CSe 
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M4BSTRACT. ‘The accepted view that the main CS and CSe band systems are "II —'. 
inalogous to the Fourth Positive bands is criticized, and an alternative interpretation is put 
orward that they are *I[—1% transitions, possibly the counterpart of the CO Cameron 
yands with the #IT level possibly perturbed by a 1II level. 


§1. INTRODUCTION 


HE majority of diatomic band systems involve the ground state of the 

molecule, and even in cases where the nature of the lower state is uncertain © 

(as with certain oxide emission spectra) it is probably the ground state. 
Consequently, when the spectrum contains a number of band systems, it Is 
ossible to acquire more extensive and accurate data for this state than for the 
excited states. In comparatively few instances are excited states definitely 
involved in more than one system, and so our knowledge of them is meagre and 
fragmentary compared with our well-ordered catalogue of atomic states. 
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It is possible to systematize the data by correlating the states of one moleculi 
with the corresponding ones of an analogous molecule, and such a correlation shou q 
immediately reveal any missing levels for which a search can then be mad} 
This process is simplified if rotational analyses have shown the nature of t 
states concerned; but if these are not available, more empirical methods must Hi} 
used as a basis for the correlation. This note deals with such a method, and, as§ 
result, the correctness of the present accepted interpretation of the spectra of C 4 
and CSe is questioned. 


§2. CORRELATION OF EXCITED STATES USING 
VIBRATIONAL FREQUENCIES 


4 


An ‘attempt to correlate all states of the analogous molecules PbO, Pb& : 
SnO and SnS was made by Howell (1936) by comparing the corresponding) 
vibrational frequencies. He showed that although the ratio w’’/w’ (which wi i 
now be called ) varies irregularly from one excited state to the next for a givem)) 
molecule, the same value of this ratio occurs for both oxide and sulphide moleculd 
of the same element (Pb or Sn). ‘This numerical agreement between states wad) 
taken to indicate a probable correspondence of state type, and it seemed to providd) 
a reasonable method of correlation in the absence of rotational analyses. 
comparison did not include the lighter molecules of this Group, viz. CO, CS} 
SiO, etc., as it was felt that close correspondence between the molecules of Ge}! 
Sn and Pb (which are known to constitute a closely related group) was more likelys 
However, the extension to these molecules was made by Barrow and Jevons (1938) 
in their study of the spectrum of the group molecule SiS, and their table 7, 
with Q instead of 1/Q, is reproduced here as table 1, together with additional datat 
from the later papers of Barrow (1939, 1940) and Barrow and Jevons (1940).} 
‘This later work has brought in the selenides and tellurides, and it will be seen that} 
the correspondence in Q is wider than Howell first announced and seems suffi l 
ciently good with the exception of CS and CSe to justify the belief that the states 
involved are indeed corresponding ones. _ Barrow and Jevons consider that this 
correspondence does not imply that the states are all necessarily of the same} 
theoretical type such as all +S or all 'II because, as they point out, whereas certat: 
of the levels concerned are 'II others are accepted as being 1Z. If this is true} 
then there does not seem any point in making this comparison of © values and the} 
correspondence found must be fortuitous and meaningless. If all the levels} 
involved (i) have the same electron configuration, (ii) have the same type of 
coupling, and (1i1) are free from strong perturbations, then a close correspondence 
between w values can be anticipated, for condition (i) being fulfilled with these | 
analogous molecules, the excitation of the electron to the same type of level will be 
accompanied by corresponding changes in the force constants from orbital to 
orbital, changes which will be reflected in the w values. As for condition (11), 
change of coupling is possible and it may be that the coupling of the C compounds. 
is different from that of the Pb molecules which will probably exhibit case-c 
tendencies, but no change can be expected within the C and Si inner group nor in 
the Sn—Pb group. Consequently there is a possibility that the values of these two 
sub-groups refer to different levels, and the numerical agreement here found is 
accidental, but this point is not important for the present argument. Neglecting 
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‘m (iii) for the moment, the writer believes that the agreement among the Q 
hues is significant and does indicate similarity of term type (possibly modified 
ja coupling change). Consequently any discrepancy such as occurs with both 
u5 and CSe indicates that corresponding levels are not concerned, and also that 
“cepted views on term type which conflict with this opinion should be carefully 
icutinized. The cases of CS and CSe form the subject of this note, and the 
jolecules PbO etc., having apparently all +B states, will be dealt with in another 
ii per. 


§3. ELECTRON LEVELS OF CS AND CSe 


| In table 1 the only serious deviations from the average (2 value of 1-45 are those 
#CS and CSe, which are 1-20 and 1-25 respectively. The CS system has been 


Table 1. Q values of Group IV oxides, etc. 


iecepted as 'I]—'X (analogous to the Fourth Positive system of CO) chiefly as a 
sult of the rotational analysis by Crawford and Shurcliff (1934). Examination 
9 their paper immediately reveals certain weaknesses in their interpretation and 
flovides additional stimulus to finding an alternative : 

) (1) The writers themselves are uneasy about the number of disturbing 
homalies in their presumed !I] — 1X systems, e.g. under high dispersion “ practi- 
ly every band is found to possess double R-branch heads, displaced origins, 
Wnormal Vypeaa—Vorign Values and irregular branches.”’ Two sets of P, QO 
id R branches are also noted. 

| (2) A scrutiny of their published spectrogram of the 0,1 band reveals other 
sanches apparently overlooked by them. 

(3) In addition to the main system, another briefer one with v-~40000 cm”. 
}analysed as 1X2 —1 with the lower-state w identical with w,”, thus makirg it 
most certain that the ground state is involved. Yet the B” value of this state 
iffers by 25% from that obtained from the main system. 

| They interpret the main system as a 'I] —1X, with the upper state perturbed 
,a JI state. If this is so, then under condition (iii) it would be possible to 
icount for the discordant Q values. However, the large extent of the anomalous 
atures spread over practically all the bands indicates such a violent perturbation 
at the writer has sought for any possible alternative explanation. A #I[—1% 
ansition is immediately suggested, in which case the system would be analogous 
| the Cameron bands of CO. This would possibly account for all the observed 
mplexities and certainly for the increased number of branches. Indeed, 
ymparison of the structure of the Cameron bands as analysed by Ger6, Herzberg 
id Schmid (1937) with that of CS reveals quite a close resemblance. Also the 
oper #II state of CO has an Q value of 1:25 against the 1:20 of CS. The main 
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objection to this view is one of intensity—such a transition should be much weak) 
than the corresponding II — 43, but in this connection the experiments of Knauj 
and Cotton (1931) on the intensities of the CO bands are very eon 
They observed that whereas high-pressure excitation conditions favoured of 
production of the Fourth Positive, low-pressure conditions tended to suppreg 
them whilst increasing the intensity of the Cameron system. 
This selective effect of pressure on the singlet and triplet systems can [ 
expected to occur also in CS and CSe, with the triplet system becoming relative} 
stronger in the direction CO—CS—CSe owing to the increase in moleculd 
weight. Consequently, such a#Il] —13 transition should have a higher probabilt 
with CS and CSe than with CO if the conditions are suitable. Now CS bana} 
can be obtained under high- or low-pressure conditions, and Martin (191. 
observed that when they were produced in a carbon arc the most intense bana} 
were around 2579 a., and these were suppressed in the Geissler discharge whi 
is used for the normal CS system. Crawford and Shurcliff actually state the 
very low pressures were necessary in their work in order to eliminate the extensiyj 
S. spectrum, and also that higher pressures decreased their intensity. It seemg}} 
therefore, that the conditions eminently suit the production of a ?I] —1% system 
The intensity objection would then appear to have lost much of its strength 
It can also be pointed out that the extent of the so-called perturbation of the 4] 
means a strong interaction of the *I1and II which is violating the singlet-triple 
prohibition just as much as in a ®I] —*D transition and that any objection to th 
intensity of the 3II —12 system applies equally well to this perturbation. ai 
The presence of the 2579-a. bands (which appear to have been forgotten by 
subsequent workers) would indicate the close presence of another state and possibld} 
perturbation. Consequently the correct interpretation of the so-called 11] —14ff 
system should be among the following:—(a) a #II1—12 without perturbation} 
(b) 211 —1X with the upper state perturbed by 111; (c) 4II —12 with the uppe 
state perturbed by II. | 
If (5), the upper state of the 2579-a. bands can be identified as the 1II. Fron | 
its ( value, the only known excited state of CSe is analogous to that of CS jus i 
discussed, but no rotational analysis is available. Examination of Barrow ] 
paper (1940) on the vibrational analysis shows that in attempting to interpret t Ci 


. . | 
system as *I] —*, the same difficulties are encountered as with CS. For example | 


it is necessary to introduce a cross term in w'u'’ to account for the systemat dy 
deviations of AG values, due apparently to the variation in interval between Ai} 
head and origin which should surely be small for this molecule as well as for C 
Even with this additional term it is also found necessary to postulate a vibrational] 
perturbation for v'=1, and finally a few bands cannot be definitely allocated 
It would seem that a transition of the type 3IJ —1X would account for certain off 
these difficulties. 


§4. CONCLUSION 


It would appear that there is room for more experimental investigation 0! 
these molecules, particularly of the 2579-a. bands of CS. Also, even if the 
alteration in the upper state type of these molecules, suggested here, is incorrect 
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een 


dhe difference in the B’” values found by Crawford and Shurcliff still remains to 


‘ke accounted for. 
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Aeoly PUR eORTICAL MODE DEMON- 
eke wil Gown; ePRINCIPRE. OF) EHE 
BRAGG X-RAY SPECTROMETER 


By F. A. B. WARD, 
The Science Museum, London S.W.7 


MS. received 22 February 1946; demonstrated 5 Fuly 1946 


BS TRACT. The model illustrates by an optical analogy the fact that a monochromatic 
fea of x rays will be reflected by a single crystal only when the crystal is set at a particular 
ingle to the incident beam such that reflections from successive sheets rich in atoms are in 
hase and so give an interference maximum. The direction of the reflected beam can also 


j §1. GENERAL DESCRIPTION OF THE MODEL 

| HE model is designed for exhibition in the Science Museum to illustrate 
Te principle of the Bragg x-ray spectrometer. It can be constructed, 
however, of such simple materials and at such a low cost that it should be 
f general use for teaching the fundamental principle of x-ray analysis of crystals. 
As shown in the photograph, the incident beam of x rays is represented by a 
sheet of corrugated iron, 18 x 12in. ‘The spacing between successive crests is 3 in., 
30 that six complete waves can be seen. It is advantageous, though not essential, 
to paint the system black and to paint a white strip {in. wide along the crest of 


reach wave. 

| The crystal to be analysed is represented by four glass plates ( 12 x 10in. 
photographic negatives with the emulsion removed, the longer dimension being 
vertical). The plates are mounted one behind the other, 2in. apart, in a simple 
wooden rack; an additional grooved distance piece is placed on top of the plates to 
ensure more accurate parallelism. The rack is provided with a plywood hood in 
order to cut out stray light. The rack, whose horizontal dimensions are 10# x 7 in., 
is pivoted on a central spigot, and carries two pointers indicating upon a scale of 
degrees.* : 

* In the Science Museum model this consists of a 12-in. celluloid protractor placed over a white 


ivorine disc. 
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In use, the corrugated iron is illuminated from above by means of an adjustab}iy 
table lamp, and the observer looks into the glass plates. Images of the corrugated} 
iron are seen by reflection from each plate, but in general the crests of the corn} 
gations will not be in phase, and a confused picture is seen. If, however, tl | 
plate-rack is rotated until the relation mA = 2d sin 0 is satisfied, where Ais the distane | 
between corrugations and dis the spacing of the plates, then all the reflected image) 
of the crests will be in phase and the images will coalesce, giving a simple image a . 
of a single corrugated sheet. @ is then the angle at which a reflected x-ray bea 
would be obtained. 

The principle is thus illustrated, but for more accurate measurements it 1Mj) 
advisable to replace the corrugated iron by a flat wooden board of similar dimen}}) 
sions, black but with white lines } in. wide, spaced at 3-in. intervals. These do ne | 
so obviously represent waves, but they can be more accurately spaced than thy 
crests of the corrugated iron, which depart slightly from a true sine-wave for 1) 
As before, the plate-rack is rotated until the successive white lines appear accurately} 
superposed. In order to evaluate 6, readings «, and «, are taken on either side of 
the incident beam; the angle x, — «,, through which the plate-rack has been turned} 
is then equal to 180° — 28, so that 


haa 


a 


6=90° — 
. . all 
Having determined 0, one can either assume A to be known and evaluate d om} 
vice versa. 

To facilitate the interchange of the corrugated iron and painted wood, tha 


These holes fit over wooden dowel pins projecting from the general baseboard} 
Similar holes are bored in the corners of the blackened wooden board carrying the} 
white lines. 

In order to find the direction of the reflected beam, the model is provided with} 
an extra arm, as shown in the photograph. This arm rotates about the sare 
spigot as the plate rack; it is bent upwards and carries a horizontal straight-edge, | 
perpendicular to the axis of rotation, and 6in. above the baseboard. In use, this | 
arm is rotated until the straight-edge is seen to be parallel to the images of the | 
wave-crests ; the edge is then perpendicular to the reflected beam, whose direction | 
can be read off by means of a pointer mounted on the arm and indicating on . 
the circular scale. It will be seen that a simple wire view-finder is mounted above} 
the straight-edge. 


§2. LIMITATIONS OF THE MODEL 


The finite thickness of the glass plates causes a doubling of each image, but 
provided that the thickness of each’plate is a small fraction of the spacing of th 
plates, this does not interfere seriously with the efficiency of the model; it was f 
this reason, however, that it was made on such a relatively large scale. 

It would appear possible to design a smaller model, using corrugated card. 
board instead of corrugated iron, and glass plates of quarter-plate size, one sid 
of each plate being ‘“‘ coated”’ to reduce reflection in the manner now employed i 
various optical instruments and camera lenses. The coating would, of course 
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))roduce its maximum effect only at a particular angle of incidence, and it would be 
ioreferable to illuminate the incident “wave” with monochromatic or approxi- 
ynately monochromatic light. 


| 
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la MECHANICAL MODEL ILLUSTRATING THE 
) URANIUM CHAIN REACTION 


BYereAc eb. WARD, 


The Science Museum, London S.W.7 


Demonstrated 5 Fuly 1946; MS. received 16 October 1946 


‘MBSTRACT. The model consists of 30 units, each-representing the nucleus of a uranium 
Bom. Each unit consists of two portions, held together by a form of catch which, when 
aszleased, allows the two portions to fly apart, while at the same time three table-tennis balls, 
52presenting neutrons, are projected upwards to a height of two to three feet. 

To demonstrate the model, the 30 units are placed in rows in a glass showcase measuring 
tx3x3 ft. high. A single table-tennis ball is dropped upon the trigger of one of the units; 
his unit immediately disintegrates, projecting its three “‘ neutrons ”’, which impinge upon 
Yeighbouring units, causing them to break up and initiating a “‘ chain reaction’ which 
fporeads until a majority of the units have disintegrated, the whole process occupying a few 
~:conds. 

1] The units are designed and their layout planned so as to secure maximum efficiency. 


) 


« 


§1. GENERAL DESCRIPTION 


HE model was designed for demonstration in the Atomic Energy Exhibition 
which opened at the Science Museum on 14 February 1946. It is intended 
to illustrate the typical uranium chain reaction which has been utilized for 
‘ie release of atomic energy. The model consists of a number of units, each 
#2presenting the nucleus of an atom of 25U or of plutonium. In designing the 
jnits, experiments were first tried with a breakback mouse-trap. These showed 
jromising results, and from them the type of unit now employed was evolved. 
Whe detailed design of this unit, an example of which is shown in the photograph, 


4cience Museum. 

| Each unit consists of two portions, shown in figures | and 2 respectively, 
‘hich can be coupled together in a manner to be described. The first of these 
Jortions, shown in plan and elevation in figure 1, consists of two blocks of wood, 
4 and B, hinged together at C, and fitted with short projecting steel pins D and E. 
he blocks are normally kept apart by the helical springs F and G, their separation 
Jeing limited by the head of the retaining screw Z. ‘T’o couple the two portions of a 
nit together, ready for operation, the upper block A is pressed down by hand, and 
jie two pins D and E are inserted into the holes H and I in the other portion of the 
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Figure 2, 
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jit. This second I ORRLIL consists of two wooden blocks, J and K, hinged at L. 
{rectangular “target” M, of thin plywood, is screwed to the upper block J and, 
6 shown in the photograph, lies approximately in a horizontal plane when the 
Hit is “set” 
ih When a table-tennis ball falls upon this target, it pushes it down from the 
sition shown by the full lines in figure 2 into that shown by the chain-dotted lines, 
si releases the upper pin D from the hole H. The helical springs F and G :hen 
i ce the upper block A of the first portion of the unit smartly upwards, until it is 
i pped by the head of the retaining screw Z. As it rises, it strikes the three 
Pile-tennis balls O, P and Q, which rest upon circular holes in a brass frame N 
ich is screwed to block B by means of side flanges. In the unit as first designed, 
§: balls were struck directly by the upper surface of A but, in order to give some 
itrol over the flight of the bails, three adjustable strikers were later fitted. 
4 ese consist of small steel rivet-heads R, S and T mounted on adjustable slotted 
2 iss strips U, Vand W. In the absence of the strikers, the balls are Deeg 


fi strikers can, however, be miyacted so as to aoreee the balls more nearly 
tically by means of a more glancing blow which also gives a lower speed of 
qjection. In practice, the strikers are arranged so that the balls are projected 
i to a height of two to three feet, and fall about six to twelve inches away from the 


In setting up a unit, it is found best to push the projecting pins of the trigger 
iily home into their sockets and then to ease them a little, so as to make the trigger 
4 re sensitive. 

) To demonstrate the chain reaction, the units are lined up in row on the base- 
‘urd of a standard museum showcase whose interior dimensions are 6 x 3 x 3 ft. 
‘h. The lay-out adopted is shown in figure 3. 

The first row contains a single unit, the second row four units, and the remain- 
i rows five each. In the first four rows, all units are arranged so as to throw the 
; ls forward to the next row; but in later rows some units are arranged to throw 
1 kwards, in order to set off any earlier units which may have escaped being struck. 
) the units in the last row are arranged to throw backwards, for obvious reasons. 

| The reaction is initiated by dropping a’single table-tennis ball upon the unit in 
first row. The aoe mechanism is extremely simple, and is sas 


tty prevented from falling by a transverse diametral pin passing ewer 
‘es in the sides of the cylinder. The pin can be withdrawn by pulling a string 
.ched to one of its ends. The ball then falls upon the target of the unit in the 
‘t row; this unit explodes, projecting its three “neutrons” upwards and to the 
at (see figure 4); some of these “neutrons” impinge upon the targets of other 
ts, which also blow up, and the “‘ chain reaction”’ is established. If a relatively 
he number of hits happen to be scored in the first few rows, the action becomes 
Bost ‘“‘explosive”’ in type, and lasts only about three seconds, but, if the early 
nber of hits is smaller, the release of energy proceeds more steadily, lasting 


| 10 seconds. 
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§2. NUMERICAL REQUIREMENTS FOR THE MAINTENANCE | | 
OF THE “CHAIN REACTION” 


It is of interest to determine the conditions limiting the development of ty) 
chain reaction. 


The target area of each unit measures 6x4in. and, if the unit is propeal® 
adjusted, any ball striking this area will produce a disintegration. If the bj 


an 


OOO 


Figure 4. 


strikes any other part of a unit—such as the table-tennis balls or their supportim 
frame—it makes an inelastic collision and is lost to the reaction. 


a Each unit | 
accordingly what we may term a ‘‘ dead area’”’, which measures a little less th¢ 
6x4 n. hae 


Ina disi ntegration, the two halves of a unit fly apart two to three inches befe 
coming to rest, and hence the units cannot be placed too close together, or they v 
set each other off by direct collision, and the analogy with the urantum reaction 
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spoiled. With the layout shown in figure 3, the total floor space occupied is 
—80sq.in. per unit. Of the space occupied by the model, therefore, roughly 
e-third represents live target area, one-third ‘‘ dead”’ area of the units them- 
alves, and one-third area not covered by units. It can easily be seen that, if 
is last area is non-reflecting to table-tennis balls, a chain reaction will be difficult 
#} maintain. For consider the fate of the three balls projected from the first 
jut disintegrated. ‘The chance that one of these will score a miss is 2/3. The 
ance that all three will miss is (2/3)? or 8/27. In 8 cases out of 27, therefore, 
#2 can expect that the reaction will not even start. 

If, however, the floor space not occupied by units is totally reflecting, so that the 


ojected from the first unit will score a miss is 1/2, for it is equally probable that 
aen the ball strikes a unit it will strike the “ live” or the “dead” part of it. In 
jis case, therefore, the chance of all three balls missing, and the reaction failing 
if start, is reduced to 1 in 8, with a corresponding increase in the probability that, 
4).ce started, it will develop. 

@ Inthe actual model, the baseboard of the case containing the model is of painted 
tod, from which the balls rebound to a height of about two-thirds of that from 
Jaich they fall. ‘This is sufficiently close to total reflection to enable the reaction 
} proceed satisfactorily. If the ball is effective after one bounce, but not after 
1/0, it can be shown that the probability of all three balls from the first unit missing, 
dd the reaction failing to start, is (5/9)? or approximately 1/6. In practice, the 
sults are more favourable than either the figure 1/6 or 1/8 would suggest, and a 
qmplete failure is very rare indeed. ‘This is mainly because the strikers of the 
#st unit can be so adjusted that the balls have a very good chance of falling on the 
irgets of the second row—they can, in fact, be definitely “‘ aimed” at these targets ; 
sis also probable that the “ dead” area of each unit has been over-estimated in the 
vove analysis, and furthermore is not entirely “dead”. 

| In a single demonstration, the average number of units disintegrated is about 
i, out of the total of 30. As the reaction proceeds, the floor of the case becomes 
‘tered with disintegrated units, so that the proportion of “ dead” area begins to 
crease rapidly, targets of disintegrated units being now “dead” area. One 
\nnot therefore normally expect to disintegrate all 30 units, though it can be done 
1 relatively rare occasions when chance is fortunate. 
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THE EMISSIVITY OF HOI Wii tate 
THE INFRA-RED 


By DEREK | RRICE: 
S.W. Essex Technical College, London 


Communicated by H. Lowery; MS. received 15 Fuly 1946 


ABSTRACT. A specially designed vacuum-tight, water-jacketed furnace has been us@ 
in the measurement of the emissivity of incandescent metals for wave-lengths of 1:0 to 4-5 jj} 
Results have been given for pure platinum, iron, molybdenum, copper and nickel. A “ splif! 
cylinder ”’ type of comparison black-body has been used and its efficiency has been compare 
with a spherical standard. This calibration has suggested a correction to be applied 
Ives’ standard of visible radiation. From the present emissivity values, and from thog}) 
given by other workers, it appears that for a wave-length (usually in the near infra-fel 
peculiar to each metal the emissivity is constant over a large range of temperature. Suc 
X-points have been observed in the case of iron and molybdenum, but not with platinum dj 
copper. 


§1. INTRODUCTION 


HE study of radiation emitted from hot objects is important for at leas 
two reasons. On the one hand, such a study is fundamental to the practic} 
of optical and total radiation pyrometry, and on the other, the developme: | 
of modern physics has made it clear that the theory of radiation is a basic sectio: | 
of our knowledge of atomic and electronic mechanism. ‘The “perfect black} 
body” of which the properties are described by Planck’s law of radiation doell 
not correspond with any real substance : indeed, a classical example has beef 
cited by Coblentz (1908). 


‘““ It is, of course, absurd to attempt to measure the temperatures of these substance 
(complex minerals) with an optical pyrometer. For example, the rod of oligoclase was 
perfectly transparent glass and emitted no light on heating to over 1200° c., except that d 
to the sparking of the platinum terminals. Nevertheless, such substances as iron oxide 
the same temperature would have emitted visible light, while both emit strongly in th’ 
infra-red region.” 


A number of attempts have been made to formulate directly the radiation} 
laws of imperfect radiators but these have not met with much success. It ig 
more profitable to consider the degree of imperfection of the radiator, taking 
as a numerical measure the ratio of the energy radiated by an imperfect anc 
a perfect body respectively under the same conditions. his ratio, having) 
a value between 0 and 1, defines the emissivity of the material. Kirchhoff’ 
law (stating that the sum of the emissivity and reflectivity of an opaque body 
must be unity) acts as a connecting link between the theory of optical constants? 

Hagen and Rubens (1900) at the end of the nineteenth century stimulated 
interest in this field by providing and testing successfully a theory of emissivity} 
valid for long wave-lengths. Their equation E=2V Jo also accounted for tha 
observed variation of emissivity with temperature since the change of o (the 


, 


electrical conductivity) with temperature was known independently for the 


; | 


} 
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jnetal used; v is the frequency of the radiation. For wave-lengths of the order 
jof 10 or more, good agreement with this theory was found, but for shorter 
‘vave-lengths it failed completely. The temperature variation, too, being derived 
i rom the Hagen—Rubens relation, broke down for shorter wave-lengths. More 
jecent work has shown that in the visible region some metals at least appear to 
save a temperature coefficient opposite in direction to that predicted by the 
| imple theory. For all metals, the magnitude of this coefficient is very much 
i maller for short wave-lengths than that predicted by the Hagen—Rubens relation. 
‘*or those few metals for which sufficient data have been obtained, it seems 
hat there is in the near infra-red a wave-length for which the temperature co- 
Q-fficient is zero over a very large range of temperatures. ‘This remarkable 
occurrence of a special wave-length (here called the X-point) peculiar to each 
if these metals does not appear to have been examined critically by any previous 


(Worthing (1926). On the basis of two observed values he suggested that the 
‘X-point wave-length was proportional to the melting-point of the metal. This 
#s at variance with other known X-points. The present work has been con- 
i-entrated on the provision of more accurate data for the transition region between 
he range of validity of the Hagen—-Rubens relation and the X-point in hope of 
Jurther elucidating this phenomenon. 
i 


§2. PREVIOUS METHODS 

| The main methods that have been used to measure the emissivity of metals 

/nay be divided into five categories as follows :— 

(1) Evaluation from measurement of the optical constants. 

(2) Determination of reflectivity. 

(3) Measurement of the true and apparent temperatures of a hot substance. 

(4) Measurement of the quantity of energy radiated by a hot body at a known 
temperature. 

(5) Direct determination as the ratio of the energies radiated by the hot body 
and a comparison black-body under the same conditions. 


The first method is theoretically superior to the others since it yields two 
|ndependent quantities, n and k, of which the emissivity is only a function. 
Against this, however, is the difficulty of catoptric observations in the infra-red 
lind the added complication of working at temperatures as high as was desired. 
iThe second method has been more widely used than any other on account of 
ts simplicity. There are three objections to its use in the present case. First, 
che hot metal mirror will radiate energy which must be compensated for by 
ja method similar to that used by Beekman and Oudt (1925). Secondly, at high 
j-emperatures, the development of crystal facets and the warping of the mirror 
jooth tend to interfere with specular reflection. Thirdly, as has been pointed 
jout by Hurst, a 1% error in the measured reflectivity may, in the infra-red, 


‘to the high reflectivity in this region of the spectrum. ‘The measurement of 
ltrue and apparent temperature is a very convenient method for use in the visible 
spectrum but difficulties become almost insuperable in the infra-red, The 
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and absolute energy readings of a sufficiently high order of accuracy. Preliminar 
calculations (Price and Lowery, 1944) have shown that the results obtained fow) 
instance by Hase using this method could not be satisfactorily converted taj} 
emissivity values. 
The last method is free from all of the previously noted faults and presents 
only one difficulty, namely the provision of a comparison black-body. This) 
has been the subject of some ingenuity in previous work, at least four different} 
arrangements having been used to ensure equality of temperature between the 
specimen and black-body. Historically, Mendenhall (1911) was the first to 
use a method of this nature. His specimen was in the form of an electricall 
heated strip of thin metal bent to the shape of a V of small angle. Due to 
multiple reflection, black-body conditions obtain on sighting into the openingy| 
of the V. An improvement of this was made by Hurst (1933) who used a block) 
of metal with a V cavity cut init. This obviated the buckling of the metal which} 
in Mendenhall’s case, proved to be the greatest source of inaccuracy. The 
disadvantage of Hurst’s method is that for each specimen a specially machined} 
block must be made. Other types of comparison black-body that have been) 
used include a hole in a tubular filament (Langmuir, 1916) and a helical filament) 
or strip (Worthing, 1925). Neither of these devices yields a conveniently shaped 
source for spectroscopic observation. Another device having all the advantag 
of Hurst’s wedge apparatus, but allowing an easy change of specimen, was} 
used by Drecq and later investigated by Ives (1924) as a primary standard of 
luminous radiation. These’ workers used a thin sheet of platinum bent intoy 
the form of a cylinder with the edges left slightly apart so as to form an axiallyy 
placed slit. The cylinder was heated ohmically by means of copper electrodes) 
at either end, to which it was rigidly clamped. It was decided to investigate}f} 
whether this device could be readily adapted to working in an inert atmosphere} 
or a vacuum in order to observe oxidizable metals. 


| 
i 
| 


-_ 


§3. EXPERIMENTAL ARRANGEMENT 


‘The first model furnace was made in the form of a small brass box enclosing a specimen} } 
5 cm. long and 1 cm. diameter, heated by a current of about 300 amp. obtained from a 
single turn secondary on a 1 kva. mains transformer, and observed through a small window of 
fused silica. The performance of this trial model may be summarized as follows :— 


(1) Satisfactory results may be obtained with fixed terminal blocks since the deformation}f} 
produced by thermal expansion of the specimen is small. . 

(2) The slight deformation so produced does not noticeably affect the radiation from the] 
black-body slit. 

(3) The centre portion of the specimen is at a reasonably uniform temperature. 

(4) It is advisable to work in vacuo or in a stationary atmosphere since the specime 

temperature is extremely sensitive to draughts. 

(5) The temperature of the furnace becomes quite high (300° c.) after running for 

short while and this destroys the efficiency of most forms of vacuum sealing cement 


— A second model furnace of more massive design was then constructed with the vacuur 
joints formed by surface-ground steel plates bolted together. Some preliminary result 
were obtained with this apparatus, but the rapid heating up of the furnace body caused 

many difficulties that a third model was constructed incorporating water cooling for th 
furnace, the electrodes, and the transformer secondary turn. It was made in two halves 
a steel base plate and a one-piece cover of fused silica incorporating a window of optic 
quality. The design can be seen from figure 1. The electrodes were sealed in with vacu 

‘wax and the joint between the two halves of the furnace was kept smeared with vacuun 


t 
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4 Tease. The furnace was mounted on a board attached to the transformer and the whole 
assembly formed a rigid unit. This apparatus was used without alteration for all sub- 
wequent work. Its completely satisfactory performance may be summarized as follows :-— 


1) (1) The water cooling was so efficient that no stray heat could be detected and ordinary 
| paraffin wax could be used for temporary seals. 


) (2) A good vacuum was obtained even with specimen temperatures of 1500° ¢. 


4 (3) A cylindrical specimen could be made from sheet metal and inserted in the furnace 
| ready for emissivity readings to be taken within ten minutes. 
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This permitted the use of a large number of specimens in order to average out stray} 
variations in the surfaces, etc. ; 

A Schwartz-type thermopile mounted in air was used in conjunction with a Hilger})) 
Barfit Infra-red Spectrometer employing a rock-salt prism in a constant-deviation mounting 
The thermopile was connected through a series resistance box to a Tinsley 4500 LS galvano 
meter. The complete arrangement was free from serious trouble both during the initia 
calibrations and throughout the subsequent experiments. The spectrometer and furnace, })} 
together with a large mirror for focusing the radiation from the furnace on the slit of the#)! 
instrument, were mounted in a draught-tight case containing trays of calcium chloride to 
safeguard the rock-salt prism. A system of gearing and an observation window enabled the} 
wave-length drum of the spectrometer to be adjusted from outside. Another window ati 
the end of the case enabled an optical pyrometer to be sighted on the specimen inside the} 
firnace. The focusing mirror was fitted with a slow-motion screw to rotate it so as to setf 
either the black-body slit or the specimen surface adjacent to it on to the spectrometer slit. 
A series resistance and multi-tapped transformer enabled the input to the furnace trans- 
former and therefore the temperature of the specimen to be controlled externally. A shutter jj 
controlled by a cable lead was fitted in front of the spectrometer slit. "The vacuum tube from | 
the furnace was connected by means of a two-way tap to a Hivac vacuum pump and to ai) 
cylinder of pure hydrogen (99:8 ', H,) supplied by the British Oxygen Co. _ By this means jj 
the furnace could be evacuated, flushed or filled with hydrogen. In later experiments an }j 
auto-transformer mains stabilizer was used to obviate fluctuations of the heating cna i 
that occurred during long series of observations. 


§4. EXPERIMENTAL TECHNIQUE 


The raw material for the specimens was in each case a sheet of metal about 
0'2mm.thick. After selecting a uniform area, a rectangle 5cm. x 3 cm. was cut with 
a clean razor blade. ‘This was then filed to the exact size needed for the required 
slit width, using a steel former. The sheet was then bent into a cylinder betwee | 
two brass formers round a rod and subsequently annealed. After polishing 
with very fine emery (when this was necessary) the specimen was washed in } 
alcohol, dried, and kept over calcium chloride until required. The polishing 
process was not often used since it was found that after a specimen had been }| 
used once at a high temperature, and removed from the furnace, the specimen | 
surface had a very good, polished appearance due no doubt to local evaporation 
taking place on the scratches. It was found, however, that this “ self-polishing 
effect” produced no measurable change in emissivity, and hence the effect of small 
surface scratches was disregarded. Prior to the fitting of each specimen, the |) 
electrodes and clamps were cleaned with emery cloth to ensure good contact. 
The specimen having been fitted, the furnace was evacuated for a few minute 
to remove moisture and then the furnace was filled with hydrogen and evacuated 
again. After repeating this process and filling again with hydrogen, the furnace 
was ready for use. The furnace current was switched on, adjusted to the 
required value, and pyrometer readings were then taken on the specimen surface” 
and on the black-body slit. At this stage any large buckling of the specimen 
could be observed and corrected by opening the furnace. This, however, was 
not a frequent cause of trouble. After this, emissivity readings were taken up: 
and down the wave-lerigth range at intervals of 0°1, 0°25 or 0°5 u. Finally the 
pyrometer was read again as before. Each emissivity reading, with necessary 
repeats, involved nine galvanometer deflections. 

The portion of the specimen to be focused was the same for all wave-lengths | 
and was SEEN) a strip one or two mm. distant from the black-body slit. Fo 
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4 each emissivity reading, the zero and sensitivity of the galvanometer were adjusted 
|S0 as to give maximum accuracy. ‘The observations made with the optical 
pyrometer were used to calculate the average emissivity for a wave-length of 


70°65 «w by means of the pyrometer correction formula, 
1 1 log E 


| ae at O880 
The galvanometer readings were averaged so as to give for each wave-length 
a “black-body deflection” and a “specimen deflection”. The ratio of these 


4 (specimen: black-body) gave the calculated emissivity at this wave-length. 


§5. CORRECTIONS 


) One possible source of error, the existence of a temperature difference between 
$the inside and the outside of the hot cylinder, has been investigated by Angell (1911) 
ywho found the effect negligible. A second source of error (that of a temperature 
difference round the cylinder) was studied by Ives (1924) and was also found 
{to be negligible. A photographic examination of the present furnace confirmed 
ajthis result. It must, however, be remarked that the axial temperature-gradient 
jfound with this arrangement was seen, upon micro-photometric examination, 
+to be much larger than that reported by Ives with a specimen of similar dimensions. 
«This error was nullified in the present work by taking the ratio of the radiation 
1 from the slit and a parallel section of specimen surface having a similar gradient, 
)but it is probable that the use of such an arrangement as a primary standard 
‘of light would be seriously impaired by this gradient unless a much longer 
ilcylinder were used. 


From the outset of the present work it was found that the emissivity values obtained were 
rather high not only in the infra-red but also at 0-65 ». Since the discrepancy appeared to 
Tincrease with wave-length and was approximately the same for platinum and iron, it pointed 
A to an imperfection in the black-body. The only direct check on this by means of a standard 
»)black-body furnace proved to be unobtainable due to war-time difficulties, which made it 
simpossible to obtain and calibrate even a suitable sub-standard. The exact source of the 
‘error was not easy to find. The effect of a finite instead of an infinitesimal slit has been 
discussed by Ives and found to be small provided the slit is sighted from an angle inclined 
da few degrees in azimuth from the normal. This condition was complied with in the present 
‘work and, moreover, the results of Ives were independently confirmed by photographic 
‘means. Another investigation by Cunnold and Milford (1934) on the black-body deficiency 
Berased by a finite hole in the wall of a hot tube asserts that in general the error from this 
wsource is very small. 
| A series of experiments with slits ranging from 0-25 to 2-0 mm. in width showed very 
(little variation, so confirming the above. A specially designed specimen having a uniformly 
sheated central portion produced no better result, and hence it was deduced that the axial 
| temperature gradient was not the source of error. Roughening the interior of the cylinder 
was found to produce no change in the black-body efficiency, doubtless because the increase 
‘in emissivity of the interior was being compensated by an increase in diffuse as opposed to: 
jspecular reflection. Covering the inside of the specimen cylinder with various blacks and 
‘oxide coatings was observed also to be ineffective. The provision of hot ends for the cylinder 
}was seen to be impracticable on account of the difficulty of heating these ends separately, 
,and further, because the low heat capacity of the specimen and its high axial temperature- 
‘gradient, would have made the formation of a uniform-temperature enclosure almost 
impossible. 
| It was also shown that the angle of view and aperture of the observing instrument did 
“not, within reasonable limits, affect the black-body efficiency. It was, however, found that 
if the cylinder was dented near the electrodes the efficiency of the black-body was increased. 
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This seemed to indicate that the finite length of the cylinder was responsible for the error} 


since some radiation was being lost at the cold ends of the cylinder. A qualitative study of i | 


this may be made by supposing only a finite number of inter-reflections (instead of an} 


infinite number) to take place inside the cylinder. In the case of four inter-reflections, tor 


instance, the radiation from the ‘‘ black-body ”’ slit is given by 
EB 
EBA+R+ R24 R3+ R4)= aay (1—R*)=(1—R?°)B, 


showing a black-body deficiency of R®. The effect of this on the apparent emissivity may 
be seen from the following figures for platinum :— 


T E Calculated Apparent E 
es deficiency (calc.) 
0-65 0-35 t1 oF 0:39 
4-0 0-10 60% 0-25 


These results are of the order of magnitude found and hence the hypothesis of a finite 
number of inter-reflections was felt justifiable. "To minimize the effect, a special type of 
specimen was designed in which the middle portion of the cylinder was bulged out inte a | 


sphere. It was constructed of platinum by the Baker Platinum Co. The specimen was jj) 


made in two halves, each consisting of a half cylinder bulged in the middle into a hemisphere. 
The wall thickness was such that when heated electrically the temperature of the spherical 


portion was practically uniform. A small slit 1 mm. wide and 1 cm. long on the edge of jj) 


one hemisphere was used as a black-body source. The emissivity readings obtained with 
this spherical specimen showed a large improvement over those with the cylinder. The 
results, indeed, compared so favourably with the available data for platinum, that it was | 
assumed, in default of any conclusive check, that the spherical black-body was sensibly 
perfect, at least in the near infra-red. It must, however, be pointed out that all absolute 


readings subsequently derived are liable to be high, the error increasing with wave-length. 


If these “‘ sphere ”’ results be taken’as standard for platinum, then by comparing them with 

the data obtained for the same metal with the cylindrical specimen, a calibration curve may 

be drawn to correct “‘ cylinder’’ values to the ‘“‘ sphere’? standard. As an additional 

argument in favour of the adoption of this standard it may be noted that the results for iron 

and other metals obtained from the cylinder technique produce values comparing favourably 
with those of other workers when corrected in this manner. Moreover, extrapolation to the 

visible region indicates a correction to be applied to Ives’ values. This correction is in good 

agreement with more recent determinations by other methods. Fuller details of the sphere/ 

cylinder calibration are given in the following section. 


«c > 


$6. EXPERIMENTAL OBSERVATIONS 


Platinum. All the specimens used were of 99-8 °% purity platinum obtained 
from the Baker Platinum Co. In all, six full sets of observations were made 
with the cylindrical type of specimen and eleven with the spherical specimen, 
The agreement between different sets is of the order of accuracy of 1% for trend 
and 5% for absolute value. The average of each collection of data was taken. 
Smoothed values have been used in figure 2. It must be noted: that since most 
of the possible errors tend to increase the observed emissivity, it is likely that 
a small constant error is introduced by taking the average of many sets of data, 
thus making all values slightly too high. The values of Ey.,, deduced from the 
pyrometer readings are estimated to be accurate to about 4%. : 

On a number of occasions the cylindrical specimen was photographed by 
itsown radiation. The variation of emissivity with angle of emission was calculated 
from the intensity distribution across the cylinder. The results were not very 
accurate, but as a rough figure it may be stated that at a mean wave-length of 
0°55. there exists a sharp maximum of about 120% normal emissivity for an 


a 
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ig angle of emission of about 85°. (Stephens finds a maximum of 124% at 80° 
for platinum under similar eondiinn ) 

Using the two sets of values obtained for the emissivity of platinum, 

i a correction curve was plotted showing the calculated efficiency of the cylindrical 
q type of black-body (that is, assuming the spherical type to be perfect). Since 
» the two techniques had been used for platinum under approximately the same 
aconditions and over slightly different ranges and intervals it was thought worth 
i while to synthesize the seventeen sets of results. The final figures (smoothed) 
i for the emissivity of platinum at an average temperature of 1 125° are as follows :— 


Table 1 
H Au 0-65 1:0 1:1 1:2 1:3 1-4 1:5 1-75 2:0 2°25 
E(corr.) 0:330 0:293 0-287 0-284 0:284 0:276 0-270 0°255 0-240 0-228 


a Ps Deis) BE) Sye15) B05) S75 4-0 ASS, 4205 4°75 
)E (corr.) 0:218 0-206 0:196 0-188 0-180 0-172 0-165 0-157 0-150 0-145 


| Because the correction curve must be independent of the nature of the 
{emitting metal and can be a function only of its true emissivity and reflectivity, 
J it is possible to use this curve to correct readings obtained for other metals with 
4) the “cylinder” technique. Before this can be done, however, two points must 
¢ be considered : 


(a) The curve must be extrapolated at both ends to cover the range of readings found for 
the other metals to be investigated. Bearing in mind the qualitative theory already 
given of this type of deficiency, and also the work of Buckley on similar problems, 
a reasonable extension of the curve was made. This is shown in figure 2, which 
gives the observed values for platinum together with full curves showing the 
black-body efficiency (B) plotted against (i) the true emissivity (EF sphere) and 
(ii) the apparent emissivity (EF cylinder). The use of this latter curve enabled all 
experimental results to be corrected by multiplying by the appropriate value of B- 

(b) It will be seen that apart from the full curve shown, the experimental values indicate 
a secondary component in the correction curve. ‘This subsidiary deficiency has a 
“ cocked hat ”’ form with a maximum of the order of 4%. In view of the fact that 
this maximum coincides with the maximum in the radiant energy curves for the 
temperatures used, it is probably due to the scattering of radiation or to a heating 
effect involving re-radiation from the spectrometer slits, etc. Assuming some 
explanation of this nature, a correction may easily be made by plotting the extra 
deficiency (C) against wave-length for platinum and applying this to the results 
for other metals. A graph of this correction is inset in figure 2. In spite of the 
somewhat arbitrary nature of this second correction it was thought sufficient since 
the effect of it is only of the same order as the experimental error. In all sub- 
sequent results, values have been corrected by multiplying by the appropriate 
value of B and then subtracting a percentage C. 


Tron. he metal used in all experiments was obtained in the form of 5 mm. 
diameter electrode rods produced for spectroscopic work by Messrs. Johnson, 
Matthey. An analysis indicated a purity of 99°96%. The metal was rolled into 
thin sheet between clean steel rollers. Throughout the observations no de- 
terioration of the surface was observed even after heating in a hydrogen atmosphere 
for over 12 hours at 1200°c. In all, four different specimens were used and, 
with these, nine sets of observations were obtained. ‘The observed values were 
corrected and smoothed graphically to give final figures, the accuracy of which 
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is estimated to be similar to that for platinum. ‘These figures for pure iron at i | 


an average temperature of 1245°c, are as follows :— i| 


Table 2 
An 0-65 1:0 1-1 1-2 1:3 1-4 1:5 1°75 2:0 


357 0341 0-334 | 
E(cyl.) 0-494 0:3970:389-—-0:378 ~=——-0-368-=—(0363- 0-35 H| 
E(corr.) 0-437 0-340 0-330 0-316 0-306 0-298 0-290 0-270 0-260 || 


d 2:25 255 2°75 3-0 3-25 3°5 4-0 4:55 


iL 


E (cyl.) - 0°326 0-323 03315 0312) 3030620) 0-288 0-282 
E (corr.) 0:252 0-248 0:244 0:240 0-237 0:235 0-225 0-218 
Molybdenum. High purity electrode rods of this metal proved too brittle | 


for rolling into sheet in the same manner as iron. ‘Thin sheet of ordinary | 
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Figure 2. Efficiency of black-body. 


chemical purity, obtained from Messrs. Johnson, Matthey was therefore used. 
An excellent polished surface free from blemishes was easily obtained and 
maintained throughout the experiments. The metal was heated in a static 
atmosphere of hydrogen and 16 sets of observations were obtained. These 
were averaged and corrected from the calibration curves. The mean tem- 
perature of the specimens was 1226°c. The average accuracy of each observed 
point is estimated at 2 %. 


Table 3 | 

ru 0:65 1-0 1:1 1:2 1:3 1:4 1:5 1:75 2:0 | 
SS ee eee eee 

E (cyl.) 0-360 0-410 0:387 0:372 0-351 0-335 0-319 0-297 0-269 

E(corr.) 0:299 0:350 0-327 0-308 0-288 0:270 0-251 0-220 0-197 


Nu Move) 1385) HOTS 3-0 3225 $305) sey 40) 435 


E(cyl.) 0-264 0-243 0-242 0-223 0-214 0-208 0-200 0-193 0-16 
E'(corr.) 0°185 0-170 0°163 0-151 0-142 0-135 0:129 - 0-122 6-005? 
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Copper. High grade copper of “electrical” purity was used in all 
observations. Some difficulty was experienced in working with this metal, 
both on account of its low melting point and also because of its sudden fusion, 
caused no doubt by recrystallization taking place at high temperatures. Readings 
had to be restricted to the range 1°5 to 4:0 on account of the small quantity 
of energy emitted at the low working temperature (901°c.). Ten sets of ob- 
"| servations were obtained and averaged. The surface appeared bright and 
uncontaminated by impurity, but in spite of this the average error was somewhat 
high (5-10%). Another source of error is the extrapolation needed in the 
correction curve to permit its use in connection with the low emissivity of copper, 
and for these reasons the results for this metal may be rather unsatisfactory. 


Table 4 
Nu 0°65 1:5 2°0 255 3°0 3°5 4:0 


E (cyl.) 0-420 0-150 0-141 0-118 0-105 0-102 0-088 
E (corr.) 0-360 0-079 0-065 0-052 0-043 0-038 0-032 


Nickel. As with iron, the metal was obtained from Messrs. Johnson, Matthey 
in the form of rods produced for spectroscopic purposes and estimated to contain 
99°97 % nickel. The rod was rolled into thin sheet between clean steel rollers. 
No trouble was found in producing and maintaining a bright, clean surface, 
although buckling of the specimen was more pronounced with this metal than 
| with any other used. Because of this a number of the sets had to be abandoned 
and discarded. In spite of this twelve complete runs of observations were 
made and the results averaged. ‘hese readings were corrected from the curve. 
| The emissivity of pure nickel at an average temperature of 1110°c. was found 
mito be :-— 


Table 5 
rn 0:65 1-0 1:1 1-2 1:3 1-4 1:5 
E (cyl.) 0-600 0:358 0:373 0:358 0:345 0:336 0-319 
E (corr.) 0:540 0:292 0:314 0:292 0-280 0-270 0-250 
ru 2°0 2°5 3:0 3°5 4-0 
E (cyl.) 0:296 0-279 0-256 0-241 0-231 


E (corr.) 0-220 0-205 0-187 0-174 0-162 


§7. CRITICAL SUMMARY OF EXPERIMENTAL OBSERVATIONS 


For convenience the final, corrected and smoothed values for the high- 
| temperature emissivities of the five metals investigated have been tabulated 
| together. The figures enclosed in brackets are doubtful, but apart from these 
a mean deviation from the smooth curve of the order of 0°5 % for the emissivity 
values can be claimed (with the reservations made in the section on black-body 


efficiency). 


128 Ds Feiice | 


Table 6. Summary of data (emissivities, %) || 


Pt Fe Cu Mo Ni 

Ss (135% 1245° c. 901° c. 1226° c. 1110° c. 
0-65 22-0 43-7 (54-0) 
1:0 29-3 34-0 35-0 (29-2) . 
1-1 28-7 33-0 32:7 31:4 
1-2 28-4 31-6 30:8 29-2 
1:3 28-4 30°6 28-8 28-0 
1-4 276 29-8 27-0 27-0 
1:5 27-0 29-0 7-9 25-1 25-0 
1:75 25:5 27-0 22-0 

2-0 24-0 26-0 6-5 19-7 22-0 
2:25 22:8 25:2 18°5 

2:5 21°8 24:8 5-2 17-0 20:5 
2:75 20-6 24-4 16-3 

3-0 19-6 24-0 4:3 15-1 18-7 
3°25 18-8 23:7 14:2 

35 18-0 23°5 3-8 13:5 17-4 
3°75 17-2 12-9 

4-0 16°5 22°5 3:2 12-2 16:2 


From this table we find :— 

Platinum. ‘The anomaly giving a minimum at I‘lyu and a maximum au 
1-2 occurred in all series taken in this region and, therefore, is unlikely to bet 
spurious. In support of this it may be noted that McCauley (1913) found] 
a similar maximum at 1‘ly for platinum at 1300°c. The size of the anomal 
found in the present work is less than that noted by McCauley but against this | 
is the fact that according to his work the maximum is reduced at 1000°c. tot 
a point of inflexion. Although the present work is in good agreement with) 
McCauley for A>3y, it becomes increasingly low at short wave-lengths andj 
eventually approximates in the visible region to the room-temperature data of} 
Hagen and Rubens (1903) and Coblentz (1911). Incidentally, the data of 
these workers and of Forsterling and Freedericksz (1913) all show fluctuations} 
from a smooth curve in the interval 0°9 to 1°5 u, although in no case have sufficient 
points been taken to show that this is not an example of random error. The value. | 
of Eo™s is in excellent agreement with that given by Foote, Fairchild and] 
Harrison (1921). At the other end of the wave-length range a comparison may. ! 
be had by extrapolating the data given by Hagen and Rubens (1909) for the. 
emissivity at 6°65. (using a Reststrahlen method). In the range 100° to 500°c.| 
they found F=0°0383 (1+0°001627). This formula gives E=0°108 for 1125°c., | 
this point falling on the present curve. Since the curve lies wholly above the. 
corresponding room-temperature values, it will be seen that there can exist no. 
real X-point in the range covered. This conflicts with experiments carried || 
out by Hagen and Rubens (1910) at 2, 4, and 6u between 635° and 1455°c, 
Their results, which are, unfortunately, on an arbitrary scale, show that at 4p 
and 6 the Hagen—Rubens relation is valid, but for 2 a negative temperature 
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_ coefficient occurs indicating an X-point at about 2°15 uw. On the basis of the 
present work and by the comparison which has been made with other data for 
| short wave-lengths, it is believed that these measurements of Hagen and Rubens 
| are erroneous. 

Deficiency correction. An interesting application of the deficiency curve 
| found experimentally for a cylinder “‘black-body” is the correction of Ives’s (1924) 
| standard of visible radiation. Ives found the brightness of his standard (of the 
| same type and size as the present specimen) to be 55°40 candles/cm? at the 
| freezing point of-platinum. For the visible region the mean emissivity of 
| platinum at 1773°c. is approximately 0°35, for which the extrapolated calibration 
| curve indicates a “black-body”’ efficiency of about 86%. This increases the 
| figure given by Ives to 64°5 cp./cm?, which is in better agreement with the more 
| modern determination of 61°0 cp./em? Moreover, Ives reported that the colour 
| temperature of his source was unaccountably 35°c. too high. A graphical 
| computation involving the visibility function and estimated “ black-body”’ 
) deficiencies at different wave-lengths showed that such a figure: as 30—-40° error 
{ in the colour temperature should reasonably occur. 
Iron. ‘The observed curve was free from any anomalies. No previous 
| measurements have been made on the pure metal in this region of the spectrum 
}at high or low temperatures. Indeed, the only high-temperature results 
| existing for steel are due to Hagen and Rubens (1910). They cover, roughly 
‘| speaking, the range 0-300°c. and 0°78-5'0 2, 6°65 4, 8°85 and 25°5. Since 
the steel used had a very high nickel content it is futile to attempt any quantitative 
{comparison of results. The available figures for reflectivity (at room tem- 
perature) are two sets by Hagen and Rubens (“ungehirtet Stahl”), one by 
'! Coblentz (iron of unspecified purity) and one by Ingersoll (1910) (tool steel). 
‘| All these curves intersect the present high-temperature curve at points ranging 
from 1:0 to 15. This is in qualitative agreement with the high-temperature 
| observations of Hagen and Rubens which indicate an X-point in the neigh- 
‘| bourhood of 1:0. 
| Molybdenum. ‘The only previous data existing for the infra-red emissivity 
of this metal are those derived from the room-temperature reflectivity figures 
[given by Coblentz (1911), and the only high-temperature values are those due 
| to Whitney (0°67 4) and to Worthing (0°47) and (0°67). The present curve 
| (which shows no anomalies) has the same trend as that given by Coblentz but 
‘/a point of intersection occurs in the region of 1-4. Below this point the tem- 
: perature coefficient is negative and above it positive. The existence of such 
'}a negative coefficient is in agreement with Worthing’s (1925) an eae 
| which showed that at 0°47. the emissivity decreased from about 0°42 at 400°K 
|to 0-36 at 2800°K Similarly at 0°67 wu the decrease was from 0° 42 at 400°K 


fevho aime that eewecn the Pompom: of 1400°K. and 2000°x. the emis- 
It is to be suspected that the small variation was 


\both in the present work and in that of Worthing. The present value for Eo.¢5 
is in good agreement with Worthing’s and fits well on the extended curve for 


the infra-red region. 
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Copper. As has been previously noted, the low emissivity of this meta 
considerably reduces the accuracy of the present method. In spite of this}, 
the values have the same trend and order of magnitude as those found by | 
Hurst (1933), to whom the only previous infra-red measurements at high tem] 
peratures are due. The present curve intersects that of Hurst in the region] 
of 2-9. At 1°5p it is 2% higher and at 4p it is about 1% lower than Hurst’ 
values. Infra-red measurements at room temperature have been made by} 
Férsterling and Freedericksz (1913), by Hagen and Rubens (1903) and by Ingersol 
(1910). The present curve lies well above all these, indicating the absence o} 
any X-point in this region. This is in agreement with Bidwell (1913) whe 
finds a small positive temperature coefficient for both the solid and liquid meta 
at 0°61, but in disagreement with Burgess (1909) who measured a small negative 
coefficient for the liquid metal in this wave-length region. Schubert (1937) 
has also investigated the reflectivity of the hot metals but his finding is that na 
true coefficient could be detected within the experimental limits. iI 

Nickel. The present curve is uniformly 5 % higher than the figures fount 
by Hurst under similar conditions. It lies wholly above the room-temperatur | 
curve of Hagen and Rubens (1902-3) and hence no X-point is found. It hal 
already been noted that buckling of the specimen was rather troublesome in th 
case of nickel, and this may well have resulted in a larger black-body deficiency 
and hence to the 5% discrepancy with Hurst’s results. This is made mor 
likely since a number of workers have noted an X-point for this metal (e.g. Hurg 
dx = 1°85 w, Cennamo (1939)-A,; = 2°25 w, Rubens (1910) A, = 14, Reid A,=2' 1p | 
This is supported by the work of Bidwell, who finds a negative temperaturf 
coefficient in the visible, but in opposition Wahlin and Wright (1942) find thal 
with a properly baked-out specimen the emissivity is sensibly constant (cf 
Whitney’s result for copper). The value obtained for E53 is a reasonabl 


continuation of the present curve, but again this result is too high to give a tem 


perature coefficient of the order of that obtained by other workers. It m sl 
therefore be presumed that this curve is about 5 % too high and that consequentl 


an X-point may occur in the region of 2°0 p. 
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THE TEMPERATURE VARIATION OF THE 
EMISSIVITY OF METALS IN THE NEAR 
INFRA-RED 
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4BSTRACT. Evidence for the existence of a wave-length, peculiar to each metal, for 
vhich the temperature coefficient of emissivity is zero is analysed and commented upon, 
?urther experimental data obtained from the author’s measurements of infra-red emissivity 
£ hot metals are submitted in support, and it is shown that the appearance of such an 
‘}X-point phenomenon would explain many of the divergent results obtained for the temper- 
ture variation of emissivity in the visible region, besides providing a new series of 
isharacteristic wave-lengths for metals. 


HE Hagen and Rubens (1903) approximation has been tested experimentally 
for a number of metals and has been shown to account accurately for the 
emissivity and the temperature coefficient of emissivity in all cases for wave- 


lilly observed temperature coefficient of emissivity in the visible is always much 
\imaller than that demanded by this formula, the data show large discrepancies 


|yetween different workers. As an example may be cited a collection of data given 
aon 
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by Worthing (1941) for the case of platinum (figure 1). The effect sought ij 
certainly much smaller than that expected from the Hagen-Rubens formula} 
indeed it is to be presumed that just because it is so minute, the existence of an} | 
small methodical error or a slight change of surface could easily produce just thi 
discrepancy noted in these results. The appearance of conflicting data is noi 
confined to the case of platinum, but is to be found in nearly all investigations @ 
temperature variation of the emissivity, reflectivity, and optical constants of meta 
in the visible region. ] 

A most interesting effect, contrary to all established notions, has been found by 
many workers who have observed a decrease in emissivity with rise in temperature} 
The existence of such a negative temperature coefficient in the visible region mus 
imply that somewhere between it and the region of validity of the Hagen-Rube 
relationship (where the temperature coefficient must be positive) there is a wave 
length where the emissivity is constant with temperature, that is, the coefficient 1} 


zero. This point, here for shortness termed the X-poznt, has been observed 


| 


/000° 1500° 2000° 
T (c) ———> 


Figure 1. Eo-6, for platinum (adapted from Worthing, 1941, p. 1180). 


directly in at least four investigations made on the temperature variation of reflec 
tivity of metal surfaces. (Since, by Kirchhoff’s Law, the sum of the reflectivi ! 
and emissivity of a non-transparent medium must be unity, these results may b4 
used to calculate emissivity values). The data given by these four investigation} 
are by no means in complete accordance. For instance, Rubens (1910) gives ar 
X-point for nickel at 1-25 1 whereas Reid (1941) finds it at 2-15 4, and in the case o 
tungsten, Weniger and Pfund (1919) note the X-point at 1-27 and Ornsteis 
(1936) (collating the observations of Hamaker, Vermeulen and van Zelst) finds it al 
1-64. ‘The effect is so small, and the disturbance produced by heating a polished] 
metal surface so large, that the exact location of an X-pcint by these direct mean! 
is seen to be a matter of great difficulty, and it is therefore hardly surprising to fina 
the discrepancies noted. 
Both Rubens (for nickel) and Ornstein (for tungsten) find the emissivity t/ 
increase linearly with temperature. The data of the latter worker are ver 
striking, for when they are plotted, it can be seen that all the curves of emissivit}}} 
against wave-length at temperatures ranging from 300°x. to 3000°K. intersec 
accurately at one point. Unfortunately it is not clear from the original paper} 
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,| whether measurements in the region of the X-point were actually made at the 
| large number of temperatures quoted, or whether these figures have been inter- 
Ve polated from readings taken at the two limiting temperatures only. Certainly an 
| X-point does exist here, and, if the results have not been obtained by interpolation, 
it would appear that this wave-length is a constant property of the metal over an 
Ib unusually great range of temperature. In any case, the existence of a specific 
| wave-length in the near infra-red region, characteristic of each metal, is sufficiently 
| interesting to merit further examination, even if this X-point is not absolutely 
constant at all temperatures. 
Since the effect sought appears to be so small as to be almost masked by the 
_| experimental errors associated with its direct observation, it is necessary to resort 
_ to an indirect attack . Data found for high temperatures by an emissivity tech- 
| nique may be compared with data found for room temperatures from the measure- 
ment of reflectivity, and from this information the temperature coefficient may be 
calculated and the X-point (if any) detected and located. Two main criticisms 
may be made of this method :— 


1. It is necessary to assume a linear variation of emissivity with temperature in 
order to calculate the coefficient. Since, however, the effect is small and 
also any deviation from a linear relation would not influence the location 
of an X-point, this criticism may be neglected. 


2. Different experimental techniques and even different specimens have been 
used for the two temperatures. Against this it may be said that only 
figures obtained for the pure metal surface should be used, and whenever 
possible the data compared should be the mean of a number of inde- 
pendent investigations. 


In the case of nearly all the common metals there exist sufficient data for room 
temperatures, e.g. those obtained in the classical investigations of Coblentz and 
‘of Hagen and Rubens, and hence wherever experiments have been made at high 
| temperatures it is possible to carry out the above comparison. 

i Leaving for the moment a number of points of intersection occurring in the 
}, visible region, the following X-points obtained by this method may be added to 
|_ the four previously noted :— 


Author for high-temperature results Metal X-point (2) 
Hurst, 1933 Cu Dep, 
Hagen and Rubens, 1910 Fe 1-0 
Hurst, 1933 Ni 1-8 
Cennamo, 1939 Ni 2°5 
McCauley, 1913 Pd 1-0 
Davisson and Weeks, 1924 W 1:28 
Forsythe and Worthing, 1925 Ww 1-3 


Again, it is found that the agreement is not very good, due doubtless to the 

“partial masking of the effect sought by the experimental and systematic errors. In 
- the transition region between this X-point and the limit of validity of the Hagen- 
Rubens relationship, the temperature coefficient is larger and is no longer masked 
| ‘by the experimental inaccuracies. Data obtained by the present author (1947) 
' for the infra-red emissivity at high temperatures of a number of metals enables the 


comparison method described above to be used for determining the variation 4 
the temperature coefficient of emissivity with wave-length. The room-tempeg 


ature values employed in this comparison have all been obtained from a smoot} 
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| 
curve drawn through the mean of all available results for each metal in the ultra | 
violet, visible, and infra-red regions. 

Although a complete examination of the temperature coefficient, obtained fall 
each wave-length by measuring the emissivity at a number of temperatures} 
would be more desirable than the room-temperature and single high-temperatu 
here employed, this plan was found impossible. The available range (circe 
900 °c. to the melting point) was too small, and the systematic errors inhere | 
in the black-body calibration and comparison were too large to enable useful o 
consistent figures to be obtained for the coefficient, using an emissivity techniqu} 
of this nature. | 

The existence of a complete curve for the variation of temperature coefficie 
with wave-length between the Hagen—Rubens limit and the X-point region, makei 
possible for the first time a fairly accurate location of this X-point to be made b 
extrapolation of the smooth curve obtained to cut the wave-length axis at the pom 
of zero temperature coefficient. As will be seen, in some cases, the experimental 
curve departs in the X-point region from the trend found for longer wave-lengths} 
This may be either a real phenomenon due to the proximity of the absorptio 
bands of the bound electrons, or it may in some measure be due to the experimen 
and systematic errors previously noted. 

Let us examine in moré detail the nature and trend of these temperature 
coefhcient curves (figure 2a). Starting at the long wave-length end, we see tha 
above the limit of validity of the Hagen—Rubens relationship the temperature 
coefhcient of emissivity must be half the temperature coefficient of electrica} 
resistivity of the metal. This follows from the fact that in this region emissivit | 
is proportional to the square root of resistivity. As has been stated, the validityy 
of this law has been conclusively established in the now classical work of Hage 1 
and Rubens. Below the limit of validity, the temperature coefficient decreaseg} 
almost linearly with wave-length up to the region of the X-point. At either en | 
of the linear region the curve turns, at the upper end to meet the horizontal limi | 
predicted by the Hagen-Rubens theory, and at the lower to come eventually tc | 
the origin. ‘This latter point follows from the fact that the emissivity of all bodies 
must be unity at the limit of zero wave-length, and hence the temperature coefficient 
must be zero. | 

The temperature coefficient graphs deduced, as stated, from the present 
author’s measurements on molybdenum, iron and nickel are shown in figures 2c} 
2d and 2e. ‘hat for platinum has been given elsewhere (Price, 1946). The 
data for copper were somewhat inaccurate, due to the low temperature at whic 
results had to be taken, and the only conclusion which could be drawn was that} 
within the experimental error the temperature coefficient was of the order predictedl} 
by the Hagen—Rubens relationship for wave-lengths beyond 1-5, i.e. the hori- 
zontal portion of the curve extended to much shorter wave-lengths than for any off 
the other metals investigated. The figures for molybdenum are very striking} 
since they show clearly all the phenomena noted, an X- -point at 1-8, the turningy 
round to the Hagen-Rubens limit starting point at about 2-5-3: ‘Ou, and thei} 


i 


i free-electron portion of the metal. This would mean that the half-width of the 
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appearance of a minimum at 1-0 where the curve turns to go through the origin 


") Iron has an X-point at 1-55 y, but the turning of the curve at either end is only just 
_ indicated in the range covered by observation. The curve for nickel is again too 


_ short to show the turning, but besides this, the rather surprising fact is noticed that 
the temperature coefficient is positive throughout. This omission of the X-point 
noted by Rubens, Reid, Cennamo, and Hurst, is possibly due to a discontinuity at 


», the Curie point vitiating the assumption of a linear increase with temperature from 


0° c. to 1100°c. In this case an investigation over a range of temperatures using 


| a more suitable technique (e.g. reflectivity) would be very desirable. 


The existence of an X-point, whether real or virtual, is seen to provide a key 
_ both to the short-wave region and to the transition period. In the former case, 


| between the X-point and the origin, the temperature coefficient is small and the 
} curve may show considerable fine structure in the region of absorption bands. 


_ Data for tungsten calculated from Ornstein’s values (figure 2) indicate the sort 


| of fine structure to be found. In some cases it is possible that one or more of 


these small maxima or minima should intersect the wave-length axis, so giving one 


| or more further points of zero temperature coefficient. These “ spurious 
4, X-points”’ occurring in the region of a band of selective reflection have been 
|| observed by Fujioka and Wada (1934) (Ag, 0:31, Au, 0-47, Cu, 0-5), by 
i Worthing (1921) (Au, 0-47), by Ebeling (1925) (Cu, 0-5), and by Ornstein 
and Van der Veen (1939) (Fe, 0-45,.?). It is, of course, somewhat difficult to 


distinguish between the real and the spurious X-points. Indeed, the position may 


4}, be said to be satisfactory only when a complete curve of temperature coefficient 


against wave-length is known. In the cases quoted, however, the presence of a 
known absorption band at the stated wave-length makes it evident that the pheno- 


, menon is due to the temperature variation of this band. This type of explanation 
} cannot serve for the X-point values previously quoted, since there seem to be no 


known strong resonance frequencies for metals in the region 1-0-2-5 p. 
. The only comparative account of this X- -point phenomenon is due to Worthing 
(1926) who, in a short paragraph, quotes his own result for gold (Ax =0-46) and 


y| that of Weniger and Pfund (1919) for tungsten (Ax = 1-27), and from these values 
| conjectures that the X-point wave-lengths may be proportional to the melting 
|, points of the elements (Au = 1336°xK., W =3655°xK.). This is at variance with the 
| fact that A, for nickel is of the same order as that for tungsten and in addition it is 


felt that the divergence of the values given by different workers is too high to allow 


| any law to be formulated on the basis of just two random results. Further it is 
| possible that the figure quoted for gold represents a ‘‘ spurious’? X-point due to the 


ri 


| influence of the absorption band in the visible region. 


There are at least two possible explanations of the X-point phenomenon, but in 


_neither case is the associated theory sufficiently developed to provide a more exact 
picture. It is well known that, in general, an absorption band shifts towards 


peeisher wave-lengths and becomes broader with increase in temperature. It has 
Iso been noted by Schaum and Wustenfield (1911) that the broadening is more 

Pronounced on the long wave side of the band. This type of change is shown in 

_ figure 3, and is seen to entail an intersection of the two curves, i.e. an X-point. 

It is possible that a similar type of explanation should be applicable to the 


I vet 
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Figure 2a. Idealized curve of temperature coefficient Figure 2b. ‘Temperature coefficient) 
of emissivity against wave-length (cf. Price, 1946). tungsten at 1600° k. (after Ornstein, 1) 
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Figure 2c. Temperature coefficient for 
molybdenum. 
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Figure 2¢. Temperature coefficient for nickel. 
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Figure 2d. "Temperature coefficient for iroilll 
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absorption band of the free electrons should decrease with increase of temperature 
while the long wave-length values of emissivity should, in accordance with the 

| Hagen-Rubens relationship, increase with temperature. This type of explanation 
is illustrated diagrammatically in figure 4(a). The objection to this explanation 
is that usually the width of an absorption band increases rather than decreases 
with rise in temperature. 


Absorption ———_> 


»—_—— 
Figure 3. Influence of rise of temperature on an absorption band. 


) An alternative explanation is that the X-point represents a balance between 
| two opposing effects due on the one hand to the free-electron contribution, and on 
the other to a bound-electron absorption band. This type of effect is shown 
| diagrammatically in figure 4(b), where it may be seen that the rise in emissivity due 
| to the free-electron portion is balanced at the X-point by the broadening of the 
band due to one class of bound electrons. It is probably this effect which produces 


1 1 


by 


 ——> aa 


Figure 4. Influence of rise of temperature on emissivity curves. 


the “spurious” X-points previously noted in the region of the absorption bands 
at 0-25-0-6. As has been said, however, the absence of strong resonance 
wave-lengths in the region 1:0-2:5 makes this explanation untenable in the 
case of the true X-point. Now although no selective effects have been found at 
room temperature, a few investigators have noted that at high temperatures a new 
absorption band appears in the near infra-red in the very region demanded by 
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the X-point. For instance, Ornstein’s data (1936) for tungsten show a new! 
maximum developing at about 2-0u, and McCauley’s investigations (1919) off q 
tantalum, platinum and palladium all show new maxima appearing at high temper-| 
atures in the region of 1-0. This result for platinum has been confirmed by the 
present author, who detected a maximum at 1-25 zat 1125°c. In all these cases th all 
maximum and minimum appear to become more pronounced with increase ini 
temperature, and it is quite possible that the appearance of the selective absorption 
region, hidden at room temperatures, is responsible for the X-point phenomenon, 
Little more can be said of this possibility without a full catoptric investigation of 
the optical constants of metals at high temperatures. ; | 

Certainly it can be seen that emissivity methods are not sensitive enough to} 
measure accurately the small temperature coefficients existing near the X-point) 
and in the visible region, although some information has been obtained from a series) 
of measurements at longer wave-lengths. ‘This information, in the form of 
temperature-coefficient graphs, shows clearly the manner in which the Hagen—' 
Rubens relationship breaks down at short wave-lengths. Further, these graphs}|f 
are characterized by the appearance of an X-point which not only entails the] 
existence of negative temperature coefficients, but also implies that an explanation | 
of the divergent results obtained by many workers may be found if the sensitivity 
of this X-point to surface contamination, crystal structure, etc. is assumed. 
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ABSTRACT. Experimental values of abundance ratios of stable isotopes, and of their 
mass differences, are used in a graphical method of testing how far the reaction velocities for 
different nuclear transformations occur at comparable rates under the conditions of freezing- 
‘) in. With the limited data so far available for exact mass differences (up to atomic mass 57, 


iy account for a large proportion of the stable isotopes. However, a different origin, or very 
.| different reaction velocities for the nuclear transformations, is indicated for some of the 
stable isotopes, such as those of lithium. 


Sits LINE Ou DEC POM} 


ANY examples are known of the freezing-in of molecular or chemical 

equilibrium, and some of the features of such frozen equilibria may be 

transposed to the problem of the freezing-in of nuclear equilibria. 
Freezing-in occurs as the temperature or density of a system in equilibrium is 
_ progressively lowered, when the velocity with which changes of concentration 
can occur eventually becomes insufficient to adjust these concentrations to the 
fall in temperature, or density. If the only change occurring were the fall in 
temperature, Le Chatelier’s principle indicates that the composition would lag 
behind that for true equilibrium, in favour of the endothermic components of the 
system. But in the case of nuclear equilibrium, freezing-in may have been 
determined by both temperature and partial pressure changes, and the character- 
ization of freezing-in conditions is more complex. In the discussion which 
follows, the treatment is simplified deliberately, since no more detail seems to 
be justified with the experimental information available at present. 

Assuming that the various atomic nuclei in the earth’s substance were at some 
stage in equilibrium, this would call for detailed balancing between the various 
processes of nuclear transformation, so long as equilibrrum was maintained. 
Processes involving a change in atomic number would include those verified in the 


laboratory, such as 

ea Se ie rae (1) 
where” A is an atom of mass number mand charge n, and{pisaproton. Processes 
involving a change of atomic mass without change of atomic number would have 
included transformations such as 


ARE PEIAS reales (2) 


where in is the neutron. But other processes not yet discovered in the laboratory 
may also have been involved, and one of the purposes of what follows is to examine 
in what cases such processes may have been operative, and thus to throw fresh 
light on nuclear transformations. 


| 
| 
{] 
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When the statistical thermodynamics controlling equilibrium in a system il 
known, the concentrations reached in frozen-in equilibrium may be used t) 
calculate a nominal “freezing-in temperature”. This will have a value lyin} 
somewhere in the region where the rate of adjustment of concentrations i 
beginning to lag behind the rate of change of external conditions. In fact, such | 
freezing-in temperature may be regarded as a parameter characterizing thy 
reaction velocities in the system under the conditions prevailing at the time. i | 

Experimental data for the calculation of such parameters include (i) thy 
relative abundance of elements of different atomic’ number, first discussed b}} 
Harkins (1917); and (ii) the relative abundance of isotopes of the same element 
It does not necessarily follow that the freezing-in temperature for reactions im 
which the atomic number changes approximates to that for reactions in which oniy}} 
the atomic mass changes. Strictly speaking, each of the distinct process 
involved in the detailed balancing which maintains equilibrium may freeze-in at 2} | 
different temperature. It is therefore necessary to select one process at a time 1 ) 


ae ee ES I < T ee — Steen wr 


comparing the freezing-in conditions for the different nuclei. Owing to the facif} 
that chemical segregation of some of the elements subsequent to the freezing-in})) 
may have falsified some of the abundance ratios for nuclei of different atomi¢ 
number, data of the type (i) will not be used in the present paper, though a similai 
procedure can be followed, as in the calculations given below, which are restrictec 
to data of the type (ii). | 
Fairly accurate information has been collected about the abundance ratios 0} 
isotopes of the same element (Seaborg, 1944). ‘These may be used to examine the 
hypothesis that equilibrium between isotopes of the same element was maintained 
at one period of the earth’s history by a partial pressure of neutrons in the mass, of 


sufficient concentration and sufficient translational energy to give reactio 
velocities adequate to maintain equilibrium. Without going into the detail o 
these reactions at this stage, if the reaction velocities were comparable for the 1 
nuclei of different masses, the same freezing-in parameter would be found, withi 
respect to this reaction (equation (2) above), for the whole of the periodic syted 
On the other hand, exceptionally sluggish nuclear reactions of this type would 
have greater freezing-in parameters, arid exceptionally speedy nuclear reactions} 
would have smaller freezing-in parameters (temperature and partial pressures) 4f | 
A complication arising from radioactive nuclei in equilibrium with stable nuclei i is 
discussed below. . | 
a 

§2. STATISTICAL CALCULATIONS OF FREEZING-IN PARAMETERS | 

Although the equilibria between nuclei, photons, and elementary particles ati 
high temperatures may be governed by statistics which differ substantially fro 
those which hold at ordinary temperatures (Wataghin, 1944; Lattes and Wataghin, 
1946), many of the uncertainties cancel out in the particular problem examined| 
in this paper. In reversible processes of isotope formation, such as 


mA +on="414 + AH,, eee (3) 
mt A+ tnt a Ae | ee (4) 
equilibrium constants may be defined in the usual way, €.g. 


K=["*24]/[™4) . [nl 
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| where the terms in square brackets refer to the thermodynamic activities of the 
{ appropriate species. ‘These equilibrium constants will be related to the heat 


AH, 
kT 


I This expression may be simplified, and freed from a number of experimental 
HI unknowns, as follows: 

| In place of log, K, we may write —log,[n]+log,r, using (5), and taking the 
ratio of the thermodynamic activities 


["* nA] /[nA] =r 


funder the conditions of freezing-in, as given by the ratio of concentrations r in 
Y which isotopic nuclei are found to be stabilized under current terrestial conditions. 
# Owing to the close similarity in each pair of nuclei considered, this approximation 
“# appears to be justified, even if the thermodynamic activity itself differs largely 
‘) from the partial pressure, under the conditions of freezing-in. 

In place of AH), the energy which, would be absorbed in the nuclear trans- 
formation if it occurred at 0°x., the Einstein rest-mass equation gives 


AH cPLA Am | 9 YD ss. (7) 


where the terms inside the brackets refer to the atomic masses of the particles. 
It is not necessary to know the exact mass m,, of the neutron for what follows, but 
if the difference in mass between two isotopes differing by unity in mass number 
must be known with high accuracy. It may be written AA, so that 


All cA ge ge = OSes (8) 


| Using as mass scale for AA, *©O = 16, the unit of mass will be 1-66 x 10-*4 (Aston, 
1942), and inserting for 


; (ee iy we vee | 
log, K= — 57) 2C,aT+ 5] Co te 5 (6) 


B13 79- 10 Ces, 
C2= 9 10?"'c.g.s., 
AH,/Rk=1-08 x 104% [AA —m,]. 
A quantity which is also required has the value 
| AH) /2:303k=4-7 x 10 [AA —m,]. 

At the freezing-in temperatures it seems unlikely that the specific-heat terms 
will involve anything but translational energy, since nuclear excitation is probably 
incompatible with freezing-in, and the moment of inertia of the nucleus J can be 
neglected. 

[Writing O,o=h?/87?R, if the radius of the nucleus is of the order of 5 x 10-4 
} cm., the characteristic temperature O,o, for the excitation of rotation is of theorder 
( 2-5 x 1043/A° cc. where A is the mass number.] 

Thus 2 C,, for two particles condensing to one will be equal to — 8k, ie. 


1 es. 
= 5p JBCpaT+ z| 2Crat/T=3-3 log, T. 


This expression will not be strictly applicable if equilibrium was frozen-in at high 
densities and verv high temperatures, but it is quite adequate for testing whether 


142 A. R. Ubbelohde 
the same freezing-in parameters apply to the different atoms of the periodiyy 
system. | 

By a standard resale the constant J’ = X7,,, where the constants z,, correspone} 
to the entropy constants for the various particles 


2 32 Rg 
tin = log, ( _ Bm os 
Apart from constants, i,, is a function of the mass and the spin multiplicity g,, of 
the nucleus. For the simple equilibrium considered, | 


I’ = log 2m-+1/8m 3 log C 


where the term logC depends only on the neutron, and universal constants, 
apart from acorrection for the fact that the ratio of the atomic masses log ("*14/™ A) 
differs from unity. Except for hydrogen, this correction can be neglected! 
compared with the other uncertainties still present in the expression. 

Inserting these simplifications into (6), rearranging, and using common 
logarithms, the freezing-in parameters may be calculated from the equation 


log,o7 = —4-7 X 10“ AAR logo 4) Se te ae (7) 


where the term 


K, =2:303 log, [n] +2-303[ — 1-08 x 103m, /7'+ 3 —Zlog, T] + logy) C 


is independent of the masses ™*;A, “A, and is constant for all nuclei with the 
same freezing-in parameters T and logy, [7]. 

The constancy of these parameters may conveniently be tested graphically, |} 
by plotting experimental values of —log,)7 against experimental values of AA, 
At present, these are available with sufficient accuracy in the case of a limited |] 
number of atoms only (Pollard, 1940; Okuda et al., 1941). ' 

In this plot, reproduced in figure 1, it is convenient to include data for isotopes | 
differing by mass number 2 (triangles), as the intermediate isotope is sometimes 
rare. Data for isotopes differing by mass number 1 are expressed as circles. |} 
The thermodynamic equation for the mass difference 2 is readily obtained by! | 
adding the equations for the two steps (3) and (4) above, and making the 
appropriate adjustments to the constants. Provisionally, until more general 
information is available about nuclear spins, no allowance has been made in = | 
plot for the ratio. g,,,1/g,, being different from unity in some cases. If j, i 
the spin of the isotope of mass number m, the order of correction to log,y7 is | 
os ats 1) 
not eee the main conclusions from the diagram. Examination of this shows | 
that there is an undoubted general correlation between the mass ‘(or energy) | 
change on forming one isotope from another and the abundance ratio as at 
present stabilized in the earth’s substance. | 

On the basis of equation (7) above, the freezing-in temperature which corre- 
sponds with the heavy line drawn in the diagram has a value given by 


A(log r)/AA=1-0/0-0023 =4-7 x 1012/T 
or T (freezing-in) = 101° °c, 


logy, ,» which will normally be considerably less than + 1-00, and so doed| | 


The fact that this freezing-in temperature appears to hold within fairly close 
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‘| limits for a considerable number of atomic species is perhaps rather surprising. 
It suggests that the reason for freezing-in may have been a falling off in the term 
4) log [] for the partial pressure of neutrons, which would affect many of the reactions 
in the same way, rather than inadequate activation energy of the neutrons, which 
| would be expected to occur rather sooner for the larger values of AA. 
Particular interest is attached to the exceptional values of the freezing-in 
| parameters. At the present stage of our information about nuclear spins it Is 
“) probably advisable to treat values of logr within + 1-00 of the freezing-in curve as 
| not yet clearly differentiated. If lines parallel to the curve are drawn above and 
| below it, at this distance, this leaves certain isotopes of Si, Ca, S, and Ne with 
| exceptionally high values of logy, and of Ti, Fe, Ca and Li, Ar with exceptionally 
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‘ low values of logr. The interpretation of these divergences is of considerable 
‘importance. ‘This paper will deal with one or two points only: 

(i) A trivial explanation for some of the divergences is that experimental 
values of 7, or more probably of AA, are incorrect. Further work on accurate 
/ measurements of mass differences should clear this up in due course. 

(ii) Under the conditions of freezing-in, an appreciable proportion of the 
‘nuclear species in the earth’s mass may have been radioactive, i.e. capable of 
‘undergoing spontaneous disruption even in the absence of bombardment by 
other particles. For such species, the values of r would continue to change even 
"after freezing-in of the equilibrium processes. This possibility should not be 
beyond the reach of eventual experimental verification, since the energy difference 
between those stable nuclei which are found in abnormally large amounts, and the 
| parent radioactive nuclei, may be obtained from atomic reactions studied in the 
laboratory. ‘The appropriate value of AA could then be inserted in the plot, or 
_conversely, if the parent nucleus is known, the value of AA could be approximately 
calculated from the plot, a procedure which may be of value in some cases. 

(iii) In the absence of other explanations, outstanding exceptions such as the 
ratio 7Li/*Li would point to nuclear reactions capable of maintaining this equili- 
brium at lower values of neutron activity than the bulk of the processes responsible 
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| 


| 
for the maintaining of detailed balancing in nuclear equilibrium. It is of consid ay 


able interest to examine how far such reactions can be verified under laborator 
conditions. | 
(iv) It will be noted that the form in which equation (7) has been state: . 
deliberately avoids a number of difficulties, whose discussion is of great interest} ; 
but which introduce unnecessary uncertainties in the conclusions. For exampld 
the thermodynamic activity of the neutrons under freezing-in conditions can b 
calculated from the value of the intercept of the curve in figure 1, but this involve 1 
further assumptions, which will not be dealt with here. It is interesting to observe " 
nevertheless, that an increase in the thermodynamic activity of the neutrons unde 
freezing-in conditions would shift the whole curve upwards (by increasing th) 
intercept of the —logy axis, algebraically), whereas a change in the freezing-it | 
temperature would merely affect the slope of the curve. I 
(v) In calculating the numerical value of the freezing-in temperature, n 
allowance has been made for possible changes in the scale of atomic energies wit 
time. If differences in energy between isotopes were substantially smaller at thq | 
time of freezing-in than they are calculated to be from currently observed mas} 
differences, this would lower the estimated freezing-in temperature, but 1) 
would not affect the general use of the plot as a test for abnormal nuclear trans} 


formations. [Cf. references to the work of E. A. Milne and colleagues inj 
Johnson, (1945).] | 
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RUTHERFORD AND THE MODERN WORLD | 
By MM. EO TRANG ree o 


The Third Rutherford Memorial Lecture, delivered 7 October 1946 


31. RUTHERFORD THE MAN | 


AN we attempt to assess the impact of Rutherford and his work upon thef 
-science and life of the present time ? 

Perhaps it is too early to form any balanced judgment of the value of hisil 

work and of his influence on others, but it should be possible, even for one whal 

cannot be dispassionate about a man whom he revered as a scientist and loved as a | 


man, to make some timely remarks upon Rutherford’s major contributions to the 
scientific life and outlook of to-day. 
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Before considering any details it is instructive to measure his greatness in 
figures concerning one aspect of the release of atomic energy—an achievement of 
_ mankind based almost entirely on the work of Rutherford, his colleagues and his 
,| students. During 1945, the electricity undertakings of this country generated 
37,281 millions of kilowatt-hours of electric power. If the steam plant employed 
| had the high overall efficiency of 30 per cent this would require the burning of about 

| 18 million tons of coal. If the inherent possibilities of atomic energy can be 
-| realized in practice, and many of us are convinced that they can, the amount of 
“atomic fuel” required, if derived from uranium or thorium, would not be much 
_more than 5tons. In order that the cost of electricity should be the same for both 
_ types of fuel, the prime cost of ‘“‘ burning”’ nuclear fuels could be 3 million times as 
great as that of burning coal. It is not unreasonable to believe that without 
| Rutherford such great possibilities would not have been realized for a very long 
4 time. 
| Rutherford’s faith in nuclear physics as a field of human endeavour was not 
| shared by all. He was often criticized for failing to work, and to train his students, 

in the useful aspects of physics which had already found practical application. 
| His greatness is apparent in his steady pursuit of the frontiers of physical knowledge, 
| leaving to lesser men the more obvious work of consolidating knowledge, the broad 
| outlines of which had already been explored. He recognized good work in any 
branch of physics or of any of the other divisions of science, but he had a special love 
for his own chosen subject, which he called ‘‘ A Tom Tiddler’s Ground”’, where 
} anything might turn up and where preconceived ideas and theoriesoften toppled 
{ to the ground as new experimental facts were discovered. 


§2. RUTHERFORD’S DISCIPLES AND THE WAR 


Real fortune favours few. ‘This is as true in physical science as in other walks 
of life. "Those who were able to work as pupils and colleagues of Lord Rutherford 
are to be numbered among those on whom fortune has smiled. Many whe worked 
with him and knew him well have tried to visualize his reaction to the terrible 
possibilities which the new things in science make probable, to the intrusion of 
| secrecy into pure science and to the growing demand for a special place in society, 
with proportionally greater income, for scientists of all kinds. Although we 

accept the fruits of the new spirit and of the new regard of the world for the 
scientific wizards whom it fears, at least we know that his view was right and that 
| ours is wrong. For him our compromise would have been impossible, 
During the last hundred years there has been a continual succession of great 
| men in British physical science, from Faraday and the giants of the Victorian era to 
Rutherford himself. Today there is no great figure, no one man who by his work, 
| his teaching and his example, can exert the same influence on science as a whole or 
upon the government of the country. Perhaps the day of the great individual 
| in physics is past and teams of lesser men will progress faster and faster. However, 
the lessons of the past show that the landmarks of discovery were the product of 
| rare genius and it is difficult to believe that this will not be so in the future. 
The development of atomic energy has made use of the accumulated capital 
| represented by the work of Rutherford. Great as is the material achievement, it 
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| 
has been in fact development work—what is called applied physics—and no ney 3 
discovery has been made in fundamental physics which is of the first or even of thi i 
second magnitude. The last six years have been years of stagnation in pur 
physics, and there is much leeway to make up if there isto be a worthwhile physici} | 
in the future. The present generation of physicists has had no contact with thy) } 
atmosphere of a research laboratory. It knows only the feverish atmosphere of 
development for an urgent application for war purposes or of a study of phenomen|} . 
fora material end. Its salaries have often been as high as Rutherford ever earne | 
and its idea of personal progress has been to secure elevation to a position co | 
manding authority and increased pay. Its ability to recover from this diseased ! 
state and to recapture the spirit which animated Rutherford will be a measure or | 
the ability of this country to play a great part in the physical science-of the future} 

When the war began there were two great projects where physicists could play 
a major part. The possibilities of obtaining atomic energy through the fission 
process had been made clear by the discovery, by Joliot and his co-workers, tha| 
neutrons were emitted. The revolutionary idea of an atomic bomb of unprece! 
dented power was envisaged early in the war by Frisch and Chadwick. However} 
the problem of separating the isotopes of uranium, which seemed essential, wad 
obviously one demanding long-term development and involving much uncertainty | 
The imminent dangers threatening this country made the alternative problem fh 
radar defence moreattractive tomany physicists. Inboththese fields Rutherford’s 
pupils brought his methods of direct attack to bear, and made great strides ve 
rapidly because they were able, at all times, to build on fundamental principlegy; 
and were unhampered by standards of practice. 

Chadwick, to whom Rutherford’s leadership in nuclear physics had naturall i 
descended, played a part in the development of atomic energy which will be fully 
appreciated only when the whole story istold. In his handling of men who worked] 
with him, in his delicate task of relationship with the U.S.A., his legacy fro 1 
Rutherford was clearly apparent. Perhaps he alone of the British scientists whaf| 
served in the war preserved throughout that clarity of physical insight and feeling | 
for fundamentals which was characteristic of Rutherford. Most of us found our 
selves greatly affected by the scientific compromise which seemed essential tcl : 
progress and as a result emerged from the war more interested in gadgetry anh 
quick results than in the intellectual side of science. . 

The migration of Rutherford’s students into radar was a surprising feature of 
the early years of the war, and here they played a prominent part. Men liked 
Cockcroft, Lewis, Dee, Skinner, Ratcliffe, and many others working with Watson- } 
Watt and Rowe, together saved Great Britain from defeat and contributed greatly 
to her victory. ‘They introduced into the work a totally different atmosphere, fo | 
they worked with their fellows as equals and believed in detailed discussion, eve ! 


ii, 


with the junior workers, at all stages, The story of what they did and how they: 
achieved it has been told again and again, but one and all they acknowledge thati} 
they merely handed on or used the methods which they had learnt from Rutherford 
and Chadwick in the Cavendish Laboratory. 

Blackett, after playing a part in radar, moved on to the PAGS where hell 
brought to a high pitch of perfection the new art of operational research—the 
application to actual military operations of the methods of scientific reasoning. 
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With the help of Fowler, E. J. Williams and Bullard, he was largely responsible 
) for the defeat of the U-boats at a crucial period in the war. 

In these fields and in many others Rutherford’s pupils assured the predomin- 

ance of this country in science applied to war. ‘Tizard, a close personal friend and 
} great admirer of Rutherford, led a mission to America which handed over to its 
scientists the fruits of our experience and invention, so that when they joined us in 
{the war they also shared the new applications of scientific method and practised 
‘ these for themselves. 
It is disappointing that the full fruits of this influx of Rutherford’s spirit into 
: ) the government and service establishments are not being retained. It was 
unlikely that many of the best physicists would choose to remain in employment 
where secrecy and restrictions applied to their work, but such splendid establish- 
i ments as 'T’.R.E. might have been preserved as national laboratories, possessing 
) agreat deal of freedom from day-to-day routine, with great profit to our country. 


§3. RUTHERFORD AND THE EMPIRE 


Rutherford never forgot that he was a New Zealander or that his early work was 
' done in Canada. He was always sympathetic towards students from the Domin- 
» ions who came to work with him. His laboratories in Manchester and Cambridge 
became the Mecca of those overseas students who were lucky enough to go abroad 
to study, and particularly for those physicists who came to England under the 
_ auspices of the Exhibition of 1851. Here they found Mr. Evelyn Shaw, the Secre- 
tary of the Commission, ever ready to help them carry on, and in Rutherford they 
) found the kindly sympathy in personal matters, combined with hard drive and an 
impassioned belief in experimental science, which brought out all that was good in 
i them. Under his guidance, and that of Chadwick, some of us who must have been 
) unpromising material became reasonably competent physicists who, whatever 
} their limitations in fundamental intuition, at least try to keep alive the spirit of his 
4 approach. Some have remained in this country, others have returned to the 
‘ Dominions, and have enriched scientific life there out of all proportion to their 
4 numbers. Marsden in New Zealand and Schonland in South Africa are respon- 
ji sible for their countries’ science as a whole, while in the Universities and other 
‘scientific institutions Rutherford’s students hold a surprising proportion of 
? important posts. In the Dominions, as in this country, these men played out- 
: | standing parts in their countries’ efforts when war came. 
| Rutherford’s Dominion birth and sympathies gave him also a passionate belief 
| in the British Commonwealth of Nations. He seemed always to think of the 
} Commonwealth as a unit, the existence of which, and the predominance of which, 
I he never questioned. ‘This reacted not only on men from overseas but also on 
} his English students and colleagues, so that among them there is a greater appreci- 
4, ation of the problems of the Commonwealth than is common among the citizens of 
; any part of the Empire. Yet he was a true internationalist, ready to give credit for 
| achievement whatever the origin, colour or creed of the worker. At the time of the 
} German persecution of the Jews he was foremost in his defence of their claim on.us 
hand worked indefatigably for their cause. He gave te many a home in his 


‘laboratory and helped others to secure positions abroad. 


10-3 


148 M. L. Oliphant | 
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Rutherford’s faith in the British Commonwealth and in international co-opel I 
ation became the faith of many of his students. It is difficult, for instance, fa} 


1 . . . fl 
these men to understand why in great projects, such as atomic energy, the-problerj 


is not tackled co-operatively within the Commonwealth, whose different par 
could contribute in large measure to the success of a venture which may mean fal 
more to them in its peaceful aspects than it will ever mean for the United States. | 

Rutherford admired greatly the experimental genius of Faraday and wal 
intimately familiar with his diary. In his opinion Faraday was the greatest of 
experimental physicists. When a full assessment is made of Rutherford’s own 


work and of his influence on physics I think it likely that he will rank with Faraday 


as an experimentalist, while the inspiration he gave to his students and collaborator} 
will place him above Faraday in the sum total of his contributions to science 
Faraday’s work laid the foundations of electrical engineering ; Rutherford’s 1s th: 
corner-stone upon which is based the exploitation of atomic energy. 


§4. NUCLEAR PHYSICS 


Rutherford was not afraid to put forward a hypothesis which was helpful inf 
explaining experimental results because further evidence might prove it wrong 
He did not hesitate to publish experimental data which, because of the nature of tha} 
problem, might turn out to be incomplete or wrongly interpreted. Yet his work) 
and that of collaborators in his laboratory, was singularly free from those hasty and 


misleading conclusions which have sometimes been published in the insane 


struggle for priority. His earlier work was extraordinarily painstaking and com4} 


plete. His discovery, and subsequent investigation, with Chadwick, of artificia 


transformation by «-particle bombardment has been amplified, but in no caseiff 


disproved. When, in his laboratory, Chadwick discovered the neutron aud 


particles, the evidence given was complete and satisfying and started a whole trair 


Cockcroft and Walton first observed transmutation by artificially accelerated 


of fresh work throughout the world. This ability of Rutherford to transmit ta 
others his care and thoroughness, as well as his enthusiasm, has been respon E 
for the upsurge of great work in nuclear physics in this country and abroad. Hy 

Rutherford’s strong personal association with Niels Bohr, from the Mancheste i} 
period onwards, contributed to his proper but balanced appreciation of the place 
of theoretical physics in the advance of the subject. He refused to be bluffed b , 
the occasional enthusiast who felt that the solution of the appropriate wave I 
equation could give the answer to all problems of physics. To the end of his life} 
he had an almost fanatical belief in the power of the experimental method. Thd | 
discovery of such unsuspected phenomena as the fission of uranium and thorium, 
leading to the atomic bomb, was a striking example of the correctness of his point of . 


view. In fact theoretical advance is due as much to the experimental discovery of 
new facts and new laws as to advances in theoretical technique, and at present 
fundamental theory is waiting upon experimental results which would have beer 
available but for the war. Little progress is to be expected in the theoretica 
physics of the nucleus until data are available on the scattering laws for protons 
and neutrons at energies in excess of 100 Mev. 


Rutherford believed that because of the inevitable lag between academia] 
discovery and practical application it should be possible to foresee, to a usefu 
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'} extent, the general trend of application of science to industry, and in that way to 
| provide in advance for new things, thus avoiding dislocation of economy and 
Mb reactionary fighting against progress in technology. In one of his rare speeches 
4 in the House of Lords he advocated the setting up by the government of a 
) “Prevision Committee”, consisting of scientists and others, who could 
| advise on economic changes which might result from existing scientific knowledge. 

}' So far as I know this very practical suggestion has not been implemented, but 
clearly it will become more necessary as science is applied more vigorously to our 
‘} economy. 

An academic atmosphere, with complete freedom to follow whatever paths of 
‘} investigation seem desirable or necessary, was, according to Rutherford, an essential 
» for progress in fundamental science. He felt it to be a grave mistake for a man with 
} high abilities in academic physics to be tempted into industrial or State laboratories. 
I remember an occasion when the director of scientific research of one of the 
service departments asked Rutherford whether he had one or two good men who 
could join his division. Rutherford’s immediate reply was ‘‘ Look here, So-and-So, 
I know the conditions in your place; do you seriously think if I had a good man I 
}) would send him to you?” Perhaps such an attitude does not help to improve the 
}) standards of the scientific services, but it is certain that the men he refused to send 
) at that time had a far freer hand and made a greater contribution to victory when 
# they joined the Services with fresh minds after war had begun than would have 
_ been possible under the conditions applying to Service establishments at an earlier 
4) date. When I became an Assistant Director of Research in the Cavendish 
+ Laboratory, Rutherford talked to me about the choice of investigations for the 
» research students. ‘‘ You know, Oliphant, in this game it is rather 1mportant to 
) choose the right experiments to do, but it is even more necessary to know when to 
i stop.” He added that in industrial and government laboratories men were often 
fe assigned to a problem, or class of problem, and had to work in that field till they 
: retired. He believed that no man could make creative contributions to a subject 
4} through a particular line of attack for more thanafewyears. Afterthat he became 
| stale. Yet, despite his reluctance to see the really original mind in physics leave 
I the fundamental for the applied side of the subject, he was no intellectual snob. 
He recognized and admired achievement in applied physics and gave credit to 
} industry for the tools and devices its work provided for his own experiments. 

I have indicated already that the development of atomic energy is likely to rank 
| in the modern world with the birth of electrical engineering in the 19th century. 
}/ Recent very conservative reports by engineers in America give a very optimistic 
| picture of the possibilities of providing industrial power on an economic basis by 
“burning” uranium in a modified form of the relatively inefficient type of “ pile” 
) operating at Hanford. hey conclude that on the same assumptions with regard’ 
( to amortization of capital charges and allowance for running-cost, electricity 
- generated from atomic energy would cost inthe U.S.A. about 30 per cent more than 
- electric energy derived from coal, and they point out that coal costs are rising 
‘steadily whereas the cost of atomic energy will undoubtedly decrease as develop- 
ment proceeds. On this basis electrical energy could already be derived from 
| uranium in this country at a cost less than that from coal-burning stations ; some 
of us believe that with reasonable development the cost will be considerably less. 
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Devons has pointed out that it is probably unimaginative to think of atomic energ 
merely as a substitute for other forms of energy. The great difference in kind andi} 
in concentration of the energy will mean that it will be applied in totally new waysi) } 
for totally new purposes. The atomic age will arise not so much from a replace-} 
ment of existing fuels by fissile materials as from new processes which now become} 
possible. 

It helps to understand the greatness of Rutherford if we examine the out- 
standing events, the landmarks, in the unravelling of our understanding of the 
nucleus, which has culminated in the release of atomic energy. In that way we} 


can see clearly how firmly it all rests on his work ; on the intuition of his gentus. 


| 
| 
! 
| 
\ 


The nature of radioactive change 

After the discovery of radioactivity by Becquerel and the isolation of radium by |} 
the Curies, the further development of our knowledge of radioactive change came: 
about almost entirely from Rutherford’s work. The natures of the three types of 
radiation were recognized by him and named a, f, and y radiations. Brilliant} 
experiments proved that the « particles were charged atoms of helium. Thej]j 
nature of the ionizing effects of the radiations was developed and the energies |] 
deduced. With Soddy he put forward the conceptions of radioactive series and of | 
isotopes. 


The nuclear model of the atom 


The « particles were always special favourites of Rutherford. He was 
intensely interested in all their properties and spoke of them as though he knew 
their colour and even their characters and idiosyncracies. It was natural that he 
should investigate in detail what happened when these particles passed through 
matter. For this purpose he developed the use of the scintillation method for 
detecting single « particles, a method discovered by Crookes, and with Geiger he 
invented the electrical counter which has played such a large part in modern work. 
The deviations from straight paths which were occasionally observed led to the | 
careful investigations of scattering and of the scattering laws. On the assumption | 
that the forces between the charged « particles and other atoms were electrical in 
nature, Rutherford and his colleagues were able to show that the closest distance 
of approach of the energetic « particles to the centre of electric force in the nuclei | 
of the struck atoms was far smaller than the radius of the atom itself. This led to |} 
the modern picture of the atom as a central core, or nucleus, in which is concen- 
trated practically the whole of the mass, carrying a positive charge equal to the | 
atomic number of the atomic species, and surrounded by the number of orbital | 
electrons necessary to make the atom neutral. 

Electrons, rotating about the nucleus, were not stable, on the hypothesis that 
the laws of mechanics governed their motions, as they would radiate energy and 
fall into the nucleus. Bohr, at that time working with Rutherford in Manchester, 
found a solution to this problem by the bold conception of stationary quantum 
states, and the nuclear model of the atom was securely launched. 


Artificial transmutation of atoms 


During the work on the scatteriny of « particles it was observed that fast protons 
were produced. ‘These protons could have arisen from collisions between the 


Rutherford-and the modern world is 


\}) @ particles and hydrogen present as an impurity in the bombarded substances. 
‘| The transfer of momentum which occurs in such collisions would give to the 
| protons a definite maximum energy, actually 16/25 of the energy of the « particles. 
‘| Examination of the ranges, and therefore of the energies of the ejected protons, 
showed that in most cases they did arise in this way. However, in the case of 
nitrogen Rutherford observed that protons were produced with energy consider- 
ably greater than this maximum. He concluded that the only possible explanation 
‘) was to assume that the nitrogen had undergone a nuclear transformation in the 
*) collision, that the « particle remained inside the struck nucleus and a proton was 
ejected, the nitrogen being transformed into oxygen: 

Nee Hess 2 O04 1H. 
\ In this reaction it was assumed that the proton carried away the excess energy 

available in the reshuffling of the nuclei. 

This was the first observation of the artificial transformation of one element 
‘| into another. Blackett, in Rutherford’s laboratory, confirmed these assumptions 
by observing the reaction in the expansion chamber, showing that momentum was 
_ conserved but that energy was not. 

An extensive series of observations was then made by Rutherford, with Chad- 
wick and others, and it was shown that several of the light elements, the nuclei of 
which could be penetrated by the « particles available, could undergo similar 
transformations. Experiments were afterwards carried out elsewhere, notably in 
Vienna, but in general the results were not reliable, and the evidence accumulated 
if in the Cavendish Laboratory remained unchallenged. 

In the course of this work it was observed that beryllium when bombarded with 
|} « particles gave rise to a very penetrating type of radiation which was thought to be 
high-energy gamma-radiation. ‘This radiation was investigated in some detail 
in the Cavendish Laboratory, in Germany and in France, and it was found to be 
difficult to reconcile its properties with those of other forms of y radiation. Joliot 
and his wife, the daughter of the discoverer of radium, found that the radiation 
from beryllium was able to project protons from hydrogen-bearing substances in a 
manner similar to the projection of electrons by x rays in the Compton effect, but 
they found it very difficult to devise a picture of the process which would obey the 
/ laws of conservation of momentum and energy without assuming a prohibitively 
large energy forthe y ray. It was difficult also to account for the large probability 
of ejection on the assumption that the radiation was electromagnetic in character. 


Discovery of the neutron 

Chadwick returned to this problem in the Cavendish Laboratory, and in 1932 
discovered that the radiation from beryllium was able to project atoms of all kinds, 
the maximum kinetic energy of which varied in a regular way with the mass of the 
struck atoms. He concluded that it was impossible to account for these results 
on the assumption that the radiation was electromagnetic in character, and-he put 
forward the hypothesis that beryllium, when bombarded with « particles, emitted a 
new kind of particle which carried no electric charge. He was able to calculate the 
mass of these “ neutrons” from the variation of the energy of various atoms which 
recoiled in collisions, and showed that it was about the same as the mass of the 


proton 
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In his Bakerian lecture to the Royal Society in 1920, Rutherford discussed th | : 
properties of a neutral particle of mass unity. ‘‘ Under some conditions it migh it 
be possible for an electron to combine.... closely with the H nucleus, forming ln 
kind of neutral doublet. Such an atom would have very novel properties. Ite 
external field would be practically zero, except very close to the nucleus, and i | } 
consequence it would be able to move freely through matter. Its presence woul . 
probably be difficult to detect by the spectroscope, and it may be impossible sii 3 
contain it ina sealed vessel. On the other hand it should enter readily the structure ; 
of atoms, and may either unite with the nucleus or be disintegrated by its intense|# 
field, resulting possibly in the escape of a charged H atom or an electron, or both. \ i 
The existence of such atoms seems almost necessary to explain the building up off 

he nuclei of heavy elements....” ir 
~ It is clear that Rutherford understood to a remarkable degree the importance} 
of a neutron as a fundamental particle in the structure of nuclei, and he knew what} 1 
properties such a particle must possess. It was natural that an intensive search} 
should be made in the Cavendish Laboratory for evidence supporting il 
hypothesis, but this search was unsuccessful until the advances in counting tecall 
nique by electronic methods which were due to Wynn- Williams, also working 7 
the Cavendish Laboratory, made it practicable to detect the nuclei recoiling} 
elastically from neutron collisions. 

With this background of expectation, Chadwick’s discovery of the neutron 
followed naturally from the years of intense study of nuclear phenomena which |] 
Rutherford and he had spent. Chadwick’s paper describing the discovery is a| 
model of completeness. There remained no doubt whatever about the existence | 
of the new particle or of its properties. — 


Transmutation by artificially accelerated particles 


Rutherford became interested in the possibilities of producing fast particles | 
with which to bombard nuclei, for he realized that the energy, kind and number of | 
bombarding particles available from radioactive substances were very limited. | 
New information might be obtained by using particles other than « particles, and | 
effects which were too weak to observe might become appreciable if much stronger |} 
sources of bombardment were available. Accordingly Allibone, and later | 
Cockcroft and Walton, developed in the Cavendish Laboratory techniques for 
producing high voltages and for applying them to evacuated accelerating tubes. | 
In particular, Cockcroft and Walton accelerated protons derived from an electric |f} 
discharge through hydrogen and bombarded targets of the light elements. |fJ 
Although the potentials which they had reached were only 400000500000 volts, |} 
it was felt worth while to try since, according to the newly developed wave-picture 
of the penetration of particles into nucleus, detectable effects might be anticipated | 
for the lightest elements. . 

These experiments gave a successful result in 1932. It was found that the | 
penetration of protons into lithium gave rise to a copious emission of « particles. 
This important observation has had a tremendous effect on physics, for it started 
the whole modern era of nuclear physics. The reaction may be written: 


os 
gli+ iH +k.e. of proton—+$He 4 sHe + energy, 
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| and if we substitute the known masses of the atoms involved, including the mass- 
i) equivalents of the energies, we find: 


7-0182 + 1:0081 ~ 4-0039 + 4-0039 + 0-0185. 
, 8:0263 — 8:0263. 
{ ‘This remarkable equality proved quantitatively for the first time the exact validity 
il of the Einstein relation W=M.c?. Several other light elements were shown to 
“undergo transmutations when bombarded by protons. Rutherford and others in 
| the laboratory followed up this pioneering work by a careful analysis of the effects 
'} produced by bombarding substances, especially deuterium itself, with ions of 
oom or deuterons. ‘This last series of observations was carried out with 
less than one-fifth of a cubic centimetre of heavy water provided from his first 
} production by Professor G. N. Lewis of California. 
' This work was rapidly extended in other parts of the world, especially by 
| E. O. Lawrence in California, using the powerful cyclotron method of acceleration 
| which hehad developed. Itbecame the fashion in physics to bombard atoms, and 
| all over the world equipment grew up to enable experiments of this sort to be 
/carried out. However, although many more reactions were studied in detail and 
‘far more powerful effects were observed elsewhere, the pioneering work in 
Rutherford’s laboratory remained the supreme example. No discoveries. of 
importance approaching these early observations were made elsewhere. 


| Artificial radioactivity * 


The Joliot-Curies, in Paris, had discovered that certain substances could be 
} rendered radioactive by bombardment with « particles. The radioactive materials 
| were unstable isotopes of the normal elements, which transformed by emission of 
i positive or negative electrons into stable isotopes of neighbouring elements. 
) Cockcroft and Walton showed that these radioactive forms of the elements could 
} be prepared by their method of bombardment with protons or deuterons, and this 
i} rapidly became the standard method for preparing strong sources, especially 
| where cyclotrons were available. These artificially radioactive substances can 
} now be produced in almost unlimited quantities as a by-product of atomic energy, 
and will soon be available in this country, as in America, for use in chemistry, 
i, biology and medicine as ‘indicators’? of the movements and history of any 


element in any compound. 


| Transformations produced by neutrons 

| Feather, in the Cavendish Laboratory, first showed that neutrons could pro- 
) duce nuclear transformations in exactly the same way as protons or « particles, 
Hl but the major early work on transformations produced by neutrons was done by 
Fermi and his collaborators in Rome. In particular it was shown that neutrons 
{ could be slowed down to thermal energies by multiple collisions with hydrogen in 
i such substances as water or paraffin wax, and that these slow neutrons were 
particularly effective. They were able to enter most nuclei and were often cap- 
{ tured there, producing unstable radioactive isotopes of thesameelement. In some 
| cases the probability of capture was extremely high due to the existence in certain 
} nuclei of energy levels enabling resonance transitions into the system by neutrons 
with small kinetic energy. 
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| 
| 
4 | “| 
Fermi examined the reactions produced in most elements. ‘The neutron i 


being uncharged, is able to enter heavy nuclei of high atomic number as easily a 
these of small mass and charge, so that in contrast with accelerated protons ang 
deuterons strong effects were observed with the heaviest elements. His obser+ 
vations with uranium led him to believe that by electron emission after neutrom 
capture, elements of greater nuclear charge than uranium, the so-called trans+} 
uranic elements, could be formed, but some of the evidence was not very satis- 
factory. 

These observations were followed up in Berlin by Hahn, who had been one of 
Rutherford’s earliest research students in Montreal. Using chemical methods of 
separating the radioactive products of the reaction of slow neutrons with uranium 


he was able to show, in 1938, that these were often elements of medium atomi¢ 


weight, like barium and strontium. He therefore put forward the hypothesis} 


that uranium, after absorption of a neutron, could undergo a new type of trans+ 


formation by splitting into two approximately equal parts—a “‘fission’’ process}}} 


which was accompanied by an enormous release of energy. This hypothesis 
was immediately confirmed in Copenhagen and in America. Shortly afterwards 
it was shown by Joliot and his collaborators that in the fission process several 
neutrons were emitted. At once the possibility of producing a chain process} 


became apparent, and the search began all over the world for methods of achieving} 
such a divergent process, in order to produce both industrial power and atomic} 
bombs. 

Surely, after consideration of the process by which our knowledge of nucleat 
physics has advanced to the stage where atomic energy is available, we must admit} 
that of all men Rutherford must stand out as the pioneer of the new age. His was} 


the genius which gave it birth. 


The future of nuclear physics 


Nuclear physics, as a subject for academic research, faces a serious crisis in alll 
countries. The grave military implications of atomic energy are bound to measl 
restriction on the field of activities in nuclear physics which can be permitted) 


without control and supervision. It is fortunate that the sections of the subject j ) 


which need special supervision are less those dealing with the frontiers of our 
knowledge than those concerning the detailed accumulation of information about| 
particular types of nuclear reactions. This means that academic nuclear physics 


can still be carried on with some considerable freedom in the more fascinating |} 
fields of the subject provided only that the law relating to control of atomic energy || 


is wisely interpreted and administered. 


§5. CONCLUSIONS 


Rutherford’s greatest contributions to our knowledge of the structure of matter | 
came from his intensive investigations of the scattering of « particles—his| 


use of these atomic projectiles as probes with which to examine the fields of force |] 


within the atom and even within the nucleus itself. The power and elegance of 


this method is obvious, and it is clear, too, that much fresh knowledge is to be) 


expected from the use of particles such as protons and neutrons, in place of 
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a particles, especially if much higher energies can be employed. The meson 
| theory of binding for the constituent particles of the nucleus, while providing the 
‘| ‘best picture we have of the nuclear field, is far from satisfactory, and much more 
| information is required about free mesons, as well as about the laws of force 
“) between elementary particles at very close distances of approach. To create a pair 
| of mesons it appears that elementary particles with energies in excess of about 
% 300 Mev. are required, while the scattering of particles of these energies could 
| give information about the laws of force. It seems likely, therefore, that efforts 
|} will be made to produce protons and electrons with energies of 1000 Mev. or more. 
y Several methods for achieving this have been suggested, and if the technological 
') difficulties can be overcome we can face with confidence a new era of i increasing 
‘i knowledge of that fertile “Tom Tiddler’s Ground” where Rutherford dug so 
} well. 


DikstG Urs SiON 


on paper by E. W. H. Setwywn and J. L. TrEar Le entitled ‘ The performance 
of aircraft camera lenses” (Proc. Phys. Soc., 58, 493 (1946)). 


Mr. J. W. Perry. Mr. Selwyn and Dr. Tearle have contributed considerably to 
photographic optics by this paper. "The method employed, considered in relation to the 
title of the paper, calls for some comment, however, as it is possible to misunderstand its 
significance if not viewed in the proper perspective. What is presented is not a solution 
)) of the problem of photographic lens testing, in any fundamental sense, but an empirical 
bridge to short-circuit important branches of the subject which would have been obstacles 
to an early fruition of the work. The investigation is, in fact, a typical example of an 
empirical treatment of an involved subject rendered justifiable by an emergency. Thus. 
one should not be misled by an undoubted success of the work into regarding the results 
/as ultimately valid, for investigation would certainly be needed to put the practical 
generalizations thus won, on to a fundamental basis and to free them from restrictive 
‘conditions and enforced assumptions. For the data upon which the work is based refer 
only to a certain definite epoch in the course of the development of the photographic 
objective. They assume certain commercial types of a mixed kind conditioned by different 
{ economic and other arguments affecting their form and complexity. They exclude the 
} aid to correction which non-spherical surfaces can contribute. Even the glass situation 
} will have affected one or more of the objectives assumed. ‘Thus there was no fortunate 
conspiracy of circumstances in the provision of the data upon which Mr. Selwyn and 
Dr. Tearle had to work. 

It is clear from the results that, apart from any possible defects in the photographic 
plate, the performance of the lens and plate combination suffers from imperfections in 
the lens, and that with successive improvements in lens design and in methods of manu- 
facture and of test, steady removal of these and approach to the ideal should result in a 
general improvement in photographic performance, so far as the lens is concerned. But 
what is the ideal? That cannot, of course, be learned from an empirical investigation 
in which varying physical ccnditions, instead of being isolated for individual study 
are confused by other unrelated variables coexisting and simultaneously operative. For 
this the lens must be considered from the point of view of its immediate function and physical 
_ effect upon waves of light. The lens testing interferometer provides precisely this informa- 
tion for lenses of any kind, aircraft camera lenses of course included. 

The investigation goes considerably beyond this, of course, in order to produce 
immediately utilizable information and gives results of performance of aircraft cameras 
as awhole. By so doing it adds considerably to our knowledge. If it also thereby loses 
‘claim to scientific validity in a fundamental sense, that is by no means a valid criticism, 
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for whereas the combination of physics and empiricism which enters into such an investiga|[§ 
tion can produce valid results to enable a war to be prosecuted, it obviously cannot taky 
the place of physical studies aiming at an ultimate analysis of the whole process. TH} 
results of such a valuable investigation will be all the more valuable when they are actualll} 
supported by physical information on the lens performance and on the performance of thi 
photographic plate from the point of view of optical processes. | 


|| 
| 
! 


Mr. G. S. Speak. With regard to the improvements in lenses mentioned by th 
author it may be of interest to note three outstanding increases in performance which ha 
occurred within the last two years. A 25” Ross lens is some 50-60% better than woul 
be indicated by the formula, a 50” Ross telephoto is 40% better, and a redesign of a 36) 
telephoto by Wray (original design by Booth) is also 40% better. | & 
Our practice at the Royal Aircraft Establishment when testing lenses photegrapiieanl iy 
is not to give the exposure at each point in the field which leads to maximum resolution} 
but to expose on axis for this condition and give the same exposure time for points oll 
axis, since this is what happens when the lenses are used in the normal way. For similat 
reasons the average resolution is calculated over a rectangular picture area instead of | 
circular area. : 

Work we have carried out with various test-objects indicate that the probable, erro 
of results obtained with a Cobb object is of the order of 7% and that there is no advantag'} 
in decreasing the size difference from one group to the next to less than about 5%. Howlett 
in Canada obtained similar figures for the accuracy of resolution measurements. | 

The type of test-object to be used has been discussed many times before. Muc 
obviously depends on the information required from the test, but if the test-object is td 
bear some resemblance to the details which the lens will be required to photograph eventuall 
then for testing lenses to be used in air photography an annular test-object proposed by 
Howlett has numerous advantages, and may be of use in other work. 

Finally, I should like to state my opinion that from the point of view of the optica} 


for some three years at the R.A.E. have contained full details of resolution tests and measure4 
ments of most of the aberrations in the system under test with the idea of placing optical}! 
design on a more quantitative basis than it has been in the past. | 


which are most conducive to a good performance. For this reason our reports on | 


Mr. G. C. Brock. ‘This work on photographic resolving-power has been described 
by a previous speaker as “‘ ephemeral”. I think that is probably a sound judgment on i 
long view and having regard to fundamental aspects, but it does not alter the fact that wa 
have witnessed a very notable advance in photographic optics which would not haw 
occurred without the knowledge accumulated in the course of these tests. In 1940 the 
Air Photography Research Committee were greatly concerned to improve the resolving4 
power of aircraft cameras, and realizing that more fundamental investigations would talked 
far too long, sponsored this programme of resolution-tests in the Kodak Researc | 
Laboratories. The essential first step in any scientific investigation is to establish some; 
basic facts, and at the time no facts were available with which to answer two questions : 


(a) Were lenses or emulsions most in need of improvement ? 3 | 


(6) What was the relation between angular resolving-power and focal length ? | 


I feel quite strongly that we should not forget how limited was our knowledge of thes 


things in 1940. The results of these investigations by Dr. Tearle and others substituted| 
definite facts for a mass of conflicting opinions and paved the way for the advances made i 
by our opticians in the construction of narrow angle reconnaissance lenses. We should 
now like to see a similar improvement in wide-angle lenses. 
This work has of course made a great contribution to the advances in the general theory | 
of photographic resolving-power, one of the most interesting aspects being the great differ- 


ence between the photographic and visual resolving-powers of a given lens, and the apparent |] 
lack of correlation between them. | 


* Howlett, L. E., Journal of N.R.C. of Canada (July 1946). 
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I should also like to emphasize that in work on air photography, where resolution of 
‘ujground detail is affected by other things, such as image movement, a knowledge of the 
‘i (| ai -power of the lens/film combination has been an indispensable condition of 


The Fe cludon test can be criticized from many angles, and is funadmentally a temporary 
jlevice which we must hope to see replaced or at any rate extended by some more absolute 
|nethod involving a measurement of the intensity distribution in the i image plane. Never- 
theless it has done excellent service over the past few years and we will be returning to it 


AuTHors’ reply. We have shown in the paper that the effect on the photographic 
‘esolution of the decreasing illumination from centre to edge of the field is very small in 
|he systems investigated, and the method of exposure is therefore of little importance. 
This result was, of course, unknown at the outset of the work, but was available to the 
“Royal Aircraft Establishment when photographic lens testing was commenced there on a 
varge scale. In lenses where the decrease in illumination with increasing separation from 
“Vhe axis is marked, some modification in the method employed at the Royal Aircraft 
4 istablishment would be necessary ; it would, for example, be preferable to give the optimum 
}>xposure at some point between the centre and the edge of the field, allowing the axial 


| . . 
“Wegion to be over-exposed and the peripheral region to be under-exposed. 
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\Photoelectric Cells, by A. Sommer. Pp. 104. (London: Methuen and Co. Ltd., 
1946.) 5s. 


This latest addition to Methuen’s Monographs on Physical Subjects gives exactly the 
ind of information needed for choosing intelligently what kind of emission cell to use 
@as a tool in a particular research, or as a component in apparatus designed for a specific 
urpose. It also fills the gap between the more advanced text book on photoelectricity, 
djand the standard works on photocell applications which give rather scanty attention to the 
cell itself. It may therefore serve both as a vade mecum for the experimenter in other fields 
and as a simple introduction to the subject for the non-specialist. It should be noted that 
‘hit does not deal with barrier layer, or rectifier, photocells. 
| Many will wish it had been a little larger, and may find in its brevity the reason for a 
slight distortion of perspective. While the choice of the silver-oxygen—caesium, antimony— 
caesium and bismuth-—caesium cathodes as illustrative examples is good, because they are 
ned used as well as typical, other cathodes perhaps deserve more than a brief mention, 


enter, more complete information on the spectral response and ‘hoamtone emission of 
hese cathodes, and of others, including those used for the ultra-violet, as well as on the 


}valuable. Also, much greater emphasis might have been laid on the importance of electrode 
design in cells to be used for purposes of measurement, so as to dispel any impression that 
one type of cathode is appreciably better than another in this respect. The differences 
jin the metrological performance of different cells now on the market almost certainly 
tresult from differences of design, and not of cathode material. The production of a well 
| designed cell is more difficult with some cathodes than with others, but the difficulties 
bare not insuperable. To most scientific workers the photocell is essentially a measuring 
instrument, and one hopes therefore that manufacturers will not allow these difficulties 
to impede the regular production, in a form suited for precise work, of cells with a greater 
| variety of cathodes including especially the newer very sensitive alloy cathodes. F urther- 
more, it is only with cells of such a kind that research on the photoelectric effect itself 
ican give completely reliable results. 
The monograph appears to be free from minor blemishes of consequence, though it 1s 
not quite true to state (p. 28) that no studies have been made on the spectral absorption 
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of the Ag—O-Cs cathode film. Asao, in Japan, published the results of an interesting stud]) 


of this subject in 1940. 
The simplified theoretical introduction is good and quite adequate as a backgro 
to later chapters devoted to more detailed aspects. The subdivision under headings a 
sub-headings is clear and useful, and the style is simple and fluent. | 
Dr. Sommer has succeeded well in presenting his subject clearly and simply to th 
lay reader possessed of a certain background of general physical knowledge, while th 
amount of technical information compressed without loss of continuity into so small | 
volume, will undoubtedly commend the book also to a wider circle of users of photocells. 
J. S. PRESTON 


A Handbook of Telecommunication (Telephony and Telegraphy over wires), b} 
B. S. Conen. Pp. xiv+437, with 281 diagrams and numerous tables 
(London: Pitman and Sons, 1946.) 30s. net. 


The arts of telephony and telegraphy, particularly the former, have made great stridetff 


in the past few decades. An account of the stages of this progress is of interest to thi} 


physicist as well as to the telecommunication engineer. ‘This book provides a welcom#} 


medium for surveying the new territory. The author, B. S. Cohen, was well fitted taj 
undertake the task of writing it. For many years he was in charge of the research wor 
in the extensive laboratories of the British Post Office at Dollis Hill. He read several 
papers before the Institution of Electrical Engineers, and his name constantly appear: 
in the discussions recorded in their Journal. He gave one of the Faraday lectures, hig 
subject being ‘“‘ The Long-distance Telephone Call”’. Before his premature death in 194( 
he had fortunately completed the manuscript of this book. The final revision was under! 
taken by Mr. F. G. C. Baldwin with the assistance of some of Cohen’s colleagues. 
That the more striking advances lie in the branch of telephony is reflected in the pre 
ponderatingly large space the author has elected to give toit. After an introductory chapter 
eleven chapters are devoted to telephony, one only to telegraphy, one to the hevnioal 
valve, and one to measurements, the last two being more or less common to the two branches | 
Speech and music can now be transmitted over wires almost without limit of distanced 
over the earth’s surface, with high fidelity of reproduction at the receiving end. In 190 
the highest indispensable frequency of reception was considered to lie between 800 andi 
1100 c./s. To-day it is internationally agreed that speech reception shall cover the band 
300 to 3400 c./s, and broadcast music the band 50 to 6400 c./s. The improvement in quali ? 
is distributed over all stages, in the line and at each terminus. In the year quoted, Bell’ ! 


receiver was much as it had left the inventor’s hand in 1876. Today its frequency response} 


curves are much nearer to the ideal, and the sensitivity is appreciably greater. In 1907,| 
Pupin’s loading coil was just coming into general service. In the quarter century tha 
followed, several million pounds sterling had been invested in these coils in this country. 
By 1936 they were fast disappearing from the lines, to reappear in the terminal apparatus. | 

The introduction of the thermionic valve solved the problem of distant transmission | 
Black’s 3-valve negative feed-back amplifier met the requirements in a highly effective | 
manner. By its insertion at suitable intervals along the line the attenuated power is stepped 
up by 50 or more decibels at each stage, whilst close fidelity is preserved over the whole! 
range of frequencies. 

The great expansion of business over trunk lines raised acutely the problem of economical | 
transmission. Here the adoption of the technique of radio is the remarkable feature, and! 
the co-axial form of air-cored cablé proves peculiarly appropriate to the purpose. Using 
for instance, carrier-frequencies with an over-all range of 0-5 to 2:1 Mc./s., and allowin# 
_ a band of 4000 c./s. for each message (only one side-band is transmitted, the carrier and the | 
second side-band being suppressed) it is possible to send 400 independent messages 
simultaneously over a single pair of wires. ‘The re-introduction of the carrier-frequency 
at the receiving end involves synchronization of the oscillator at that end to one patt in 
two millions! Band-pass filters play an essential part in finally resolving the messages 

\In telegraphy, too, the carrier principle is employed to the same end, to provide the a 
frequency multi-channel telegraph system. Here the carrier frequencies lie within the 
audio range. ‘The teleprinter is now in general use, and the vogue of the Morse code is 
rapidly becoming obsolescent. 
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These and other notable advances will be found described in some detail in Cohen’s 
book. The task of selection of subject-matter amid the avalanche of change must have 
\proved a delicate one. The reader has, however, been provided with copious references 
«to text-books and original papers, a list of these being appended to each chapter. (The 
omission of Dr. Mallett’s Telegraphy and Telephony from these lists is surprising). 

A good index is especially valuable in a book of this kind. The index supplied, though 
‘i running to 15 pp., is perhaps, hardly adequate. Our use of it has disclosed several omissions, 
‘and we would suggest that the index be considerably extended in a second edition. 
The book, with its descriptions of the latest forms of microphones and telephone 


John F. Rider Publisher, Inc., 1946.) $6.00. 


The first point to understand about any scientific or technical book is its title, and in this 
{connection the reviewer has always been a little doubtful as to the meaning of the term 
a ““ microwave ”’ and the portion of the radio frequency spectrum to which it applies. In an 
‘earlier book entitled Microwave Transmission, by J. C. Slater, the first sentence of the 
ii preface states that “‘ Microwaves are electromagnetic waves of wave-lengths that we may 


take, for definiteness, to be between 1 centimeter and 1 meter.”’ In the absence of any 


S/under review, although it is perhaps doubtful if the author intended to be limited at the 

ishort end to a wave-length of 1 centimetre. 

While it is not clear to what class of reader this book is addressed, it is to be noted that 
much of the latter portion of the book deals with microwave terminology and contains some 


‘nature of the introductory chapters. In such a rapidly advancing subject as radio, it would 
seem unnecessary for modern books to recapitulate the elementary principles of electricity 
and magnetism, alternating current circuits and transmission lines, and yet the first five 
®chapters of this book are confined to an exposition of these matters. Chapter 6 deals with 
{ Poynting’s Vector and Maxwell’s Equations; and here, as throughout the book, the mathe- 
‘/matics is purposely reduced to a minimum, and the information is conveyed in a graphical 
jjand descriptive manner. On page 123 an incorrect formula is given for the complex 
dielectric constant of a conductor, which has the effect of making this constant directly 
\} proportional to the incident electric field instead of being independent thereof, and directly 
{instead of inversely proportional to the frequency. 

j Some wave-guides and their properties are treated non-analytically in Chapter 7, and 
iPresonant cavities are described in Chapter 8, together with some applications. These 
itwo chapters give a reasonably clear picture of the basic principles involved, though the 
|. difficulty of presenting a concise and really adequate account without the use of mathe- 
matics is perhaps more apparent here than in other parts of the book. The following 
()chapter contains a brief description of various types of centimetre wave antennae, including 
ip parabolic reflectors, horns and corner reflectors. Ina short note on propagation at the end 
of this chapter reference is made to interference between direct rays and those reflected 
| from the earth, in which it appears that the word interference is used to cover only those cases 
‘where the signal received is less than the free space signal. ‘The term “interference ”’, 
‘however, covers the whole phenomenon and embraces both the “ bright and dark ” bands 
of the radiation field pattern. Chapter 10, entitled ‘‘ Microwave Oscillators ”’, is probably 
ithe best chapter in the book. Although admittedly in keeping with the descriptive and 
| rudimentary style of the rest, it nevertheless, within the limitations imposed by such a 
‘treatment, gives a clear picture of the manner of operation of klystrons and magnetrons, 
ithe valves. which play such an important part in centimetre wave technique. The final 
) chapter in Section I of the book gives an outline of the factors which limit the range and 
| application of microwaves in radar and communications. Receiver sensitivity and band- 
| width, antenna gain and attenuation during propagation are discussed in relation to this 
}) problem. ; 
Section II, comprising the last 100 pages of the book, is devoted toa glossary of micro- 
‘wave terminology and represents a quite useful collection of definitions and theorems 
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applicable in radio technique. It might be noted that (on page 297) the functions referred 
to should be Hankel and not Henkle. Rather than use the definitions given on pages 30! 
and 310 it is better to class hae diffraction as that in which the radiation source ana} 
rails Fresnel dicen eee to the case of finite distances from the obstacle. ‘““ Line-o s 
Sight Range’ is here defined as the maximum distance over which microwaves can bd 
transmitted. Neglecting the case of anomalous super-refraction, this is hardly a good te 
to use under normal refraction conditions; for radio waves are refracted to a greater extenlf 
than light waves in the normal atmosphere, so that, in fact, although a radio receiver might} 
be within the direct range of the transmitter, they need not be optically intervisible. 

The author is well aware of the difficulties of the units question and uses in the mairf 
the Gaussian system, although occasionally other systems, notably the M.K.S., are PE | 
It might have been preferable to have used a uniform system throughout. | 

In general, the book appears to contain a large amount of unnecessary material, wind 
at the same time insufficient space is devoted to matters peculiar to very short wave tech- 
nique; the portions dealing with antennae and with the propagation of waves could havdf 
been expanded with advantage. R. L. S.-R je 


A Furst Course in Mathematical Statistics, by C. E. WEATHERBURN. Pp? xv 
271. (Cambridge: The University Press, 1946.) 15s. 


This book, one of the very few which treat of statistical theory in the form which i 
has attained in the last 30 years, is very definitely a companion to Fisher’s Statisticas) 
Methods for Research Workers. ‘The latter gives, without many concessions to the weake : 
brethren, a critical statement of the methods to be applied in testing significance and i i 
analysing experimental results. Professor Weatherburn’s book, on the other hand, gives} 
the basic theory leading to the methods described by Fisher—theory which for the most 
part has had to be read in the original papers of “ Student ”’, Fisher and other workers. 
It is true that a few good text-books have appeared in recent years in which the theo 
is accurately set out, but none of them could be described as suitable for the beginner. 

Professor Weatherburn has therefore rendered a distinct service by writing this book, 
in which the reader is led as far as an introduction to the analysis of variance, and to the} 
topic of multiple correlation. Before this, the reader has been introduced to small-sample}f 
theory and to the x? test of goodness of fit. Much of this involves proofs of the distribu- 
tions to which various types of statistic tend, and hence has been preceded by descriptionsi¥ 
of different standard distributions, the whole introduced by two chapters in which the! 
general notion of a frequency distribution and its chief parameters has been introduced,| 
and the relation of a probability distribution to a frequency distribution explained. From 
a fundamental point of view this is, perhaps, the most important step in the whole subject. | 
It is here treated well, though very concisely. | 

From this summary it might appear that, with the exception of chapters 1 and 2, thelf 
book merely duplicates Fisher’s work, but there is in fact a great difference, and the two are, | 
as the author claims, complementary. Weatherburn gives the theory (in Became form) | 
and illustrates it ah examples in which pains have been taken to keep the actual arith-| 
metical work within bounds. The book does indeed form a good introduction to the | 
theory, and introduces methods, like the moment-generating function and the cumulative f 
functions, which Fisher, in his exe hace has no need to mention. In addition to exercises | 
for practice, each chapter has a set of references for further reading, which the student is | 
advised to peruse while he is working through the book. These should be of considerable |} 
value—there is a great deal to be gained by reading the same thing in different words or in|} 
a different order—though at first sight the lists seem rather intimidating, owing to their |} 
length. 

The book is beautifully produced, and seems remarkably free from misprints. 


J. H. A. | 


